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ABSTRACT 

We investigate a class of conformal Non-Abelian-Toda models representing a noncompact SL(2, R)/U(l) 
parafermionions (PF) interacting with a specific abelian Toda theories and having a global U(l) symmetry. 
A systematic derivation of the conserved currents, their algebras and the exact solution of these models is 
presented. An important property of this class of models is the affine SL(2, R) q algebra spanned by charges 
of the chiral and antichiral nonlocal currents and the U(l) charge. The classical (Poisson Brackets) algebras 
of symmetries VG n of these models appears to be of mixed PF-WG n type. They contain together with 
the local quadratic terms specific for the W„-algebras the nonlocal terms similar to the ones of the classical 
PF-algebra. The renormalization of the spins of the nonlocal currents is the main new feature of the quantum 
V A n - algebras. The quantum y^-algebra and its degenerate representations are studied in detail. 



1 On leave of absence from the Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of 
Sciences, 1784, Sofia, Bulgaria 



1 INTRODUCTION 



The identification of 2- dimensional critical phenomena as conformal minimal models of the 
(extended) Virasoro algebra Q provide powerful algebraic tools for calculation of the critical 
exponents. Within this framework the long standing problem of classification of the univer- 
sality classes in two dimensions is reduced to the problem of exhausting all the extensions of 
the Virasoro algebra. The first part of the list of extensions of the Virasoro algebra contains 
the well known Lie algebraic lower spin extensions (s < 2) including the conformal current 
algebra (s = 1), the N = 1,2,3,4 super Virasoro algebras (s < 3/2 ), etc. An important 
step in completing this list was proposed by Zamolodchikov and Fateev ||, || and Q. They 
observe that for describing the critical behavior of a large class of statistical mechanical 
systems one has to consider two new types of non-Lie algebraic extensions. The first one 
include together with the stress tensor (s = 2) a new set of local higher spin (s = 3, 4, • • • , N) 
currents which close an associative algebra of quadratic relations known as V^V-algebra [f[4"| . 
The second one represents a nonlocal extension of the Virasoro algebra with a set of fractional 
spins (s = k ( N ~ k *> ; k = 1, 2, • • • , iV — 1) nonlocal currents-the Zjv-parafermionic algebra 
(PF) (see ref. @ for a generalized PF algebras). 

An universal method for deriving all these algebras as well as the (classical ) Lagrangean of 
models with such symmetries consists in considering the gauged G/H- WZW models and their 
algebras of symmetries [f|. For example the W^-algebra appears from the SL(n,R) 

current algebra by gauging the nilpotent subalgebras N ± (n) The parafermionic alge- 

bras arises when the Cartan subalgebra of SU (n) is gauged away , . The natural question 
to ask is whether gauging another subalgebras, say, of mixed type U(l)Q)N + (n — 1)®N~ (n — 1) 
( i.e. a part of the nilpotent subalgebras N (n) with only one Cartan generator) one pro- 
duces a new type of extensions of Virasoro algebra different from W and PF algebras. This 
question was raised in a slightly different form by Gervais and Saveliev ||10| , studying the 
symmetries of the (classical )B n nonabelian Toda theories (NA). An explicit form of such 
(classical) nonlocal and non-Lie algebra (called V algebra), unifying together the nonlocal 
PF-currents and the local WB n _i currents was constructed in ref [O] for the case of S 2 -NA- 
Toda model. 

In our recent paper fl2| we have found the classical and quantum algebras of symmetries 
of the first few models of the family of A n -NA-Toda theories. The present paper is devoted 
to the systematic construction of the (classical) VG^'^-algebras (G n = A n ,B n ,C n orD n ) 
of mixed PFAi — WG n _i type and their quantization. They arise as algebras of the con- 
served currents of the simplest family of G^' 1 -*— NA-Toda theories representing a noncompact 
SL(2, R)/U{1) PF's interacting with G n _j®Gj_i abelian Toda model (G = 1 j = 1, ■ • • n). 
This family of NA-Toda theories can be obtained as a specific (parafermionic) reduction of 
the G n -WZW model imposing a set of constraints similar to these ones leading to standard 
G n abelian Toda model, but with one of the constraints J_ a = [ij (and J a = p,j) removed 
(j = l,---,n fixed), i.e. we leave unconstrained one of the simple negative (positive) root 
current. This changes the group of the residual gauge transformations and contrary to the 
abelian Toda case the transformation responsible for the vanishing of the Cartan subalge- 
bra current J^h (j-fixed) does not exist. We therefore require the additional constraint 
J\ h — J\ h — 0. The main consequence of this parafermionic constraint is that two of the 



1 



chiral (antichiral) conserved current = J aj and Vj = J- ai -... an of the reduced model 
(G^' 1 ) -NA-Toda) appears to be nonlocal (PF-type) currents. The simplest representative of 
this family of NA-Toda models G^' 1 * is given by the lagrangean 

U pki2<t>i 

4 1} = -^{Vik9^d fl (l) i d v( f) k + —g^d^d u x 

(r) 2 ~ e ~ k '^ ~ ^^ k i^^M^uX ~ Xd^)} (1.1) 

where A = 1 + i^^e^^ipx, (&12 = —1 for A n , B n ,C n , D n except for B 2 where k\2 = —2; 



^11 = ^+1 l° r and K\\ = 1 for 5 n ). The corresponding equations of motion of (]L 
can be also derived by a slight modification of the Leznov-Saveliev method starting with an 
appropriate grading operator Q = J2i=2^^Ti (see Sect. 2 and app. A). 

i 

Apart from the two nonlocal chiral currents V ± ( of spin s ± = f° r Ai; s± = n f° r B n 
and C n , s ± = n — 1 for D n ) each of these models exhibit other n — 1 local chiral (antichiral) 
currents W n _i +2 , I — 2, ■ • ■ ,n of spins si = n — l + 2 for A n ; of spins (s« = 2, 4, ■ • ■ 2(n— i+1) 
for 5 n and C n and of spins sj = 2, 4, • - • 2(n — 2), n for D n .The nonchiral U(l) current 

Jm " 4tt A 6 1 j 

generating global U(l) gauge transformations ^ = </>j, = ^e" and \' = x e ~ a ( a constant) 
completes the list of conserved currents for the G^' 1 ' model. 

One of the basic results presented in this paper is the explicit form of the Poisson brackets 
(PB's) algebra VA^' 1 ^ of the conserved currents of A^ 1 ' 1 ) -NA Toda theory. This new algebra 
appears to be a natural unification of the main features of W- and PF-algebras. As it is shown 
in Sect. 3, the PB's of the local currents are quite similar to the classical WA n _\ algebra 
but including new terms in the quadratic part - the product V + V~ and its derivatives. 
The local and nonlocal currents obey PB's with quadratic terms in the form V ( and 
its derivatives). Finally the PB-algebra of the nonlocal currents contains specific nonlocal 
quadratic terms (see sect 3): 



71-1-1 

{V±(*), V±(a')} = ~^re(a - a>)V±{a)V±{°') 



V-(a>)} = ^±le(a - <r')V+ W (a') + W " O 

-E(S ,_1 ^)W-° / ) (1-3) 

s=0 / 



where e(cr) = sign (er) . Our main observation is that the nonlocal terms in ( |1.3|) ( those 
with e(cr)) are of PF-type. One obstacle of such identification is the discrepancy between the 
fractal spins of the PF currents and the (half) integer spins of the nonlocal currents V . The 
precise statement is that the semi-classical limit N — > 00 of the operator product expansion 
(OPE) algebra of certain ^-reduced G n parafermions \& a of spins s a = — coincides 
with the PB's -algebra ( |1.3|) of V ± , (s^ = The Z7v-parafermions provide the simplest 
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example {G — A\, n = 1) of quantization of V ± and their classical algebra ( |1.3| ). We identify 
the quantized V ± with the PF currents and of spins s ± = 1 — namely, V + = -jj^^i, 

V~ = This way we impose the OPE's of V ± to be of the form ( see sect. 3 of ref. 

I): 

^(1)^(2) = ^ 2 (z 12 f^(v 2 H2) + 0(z 12 : 



V-{l)V+{2) = ^(^)- 2Af (/ + ^T(2)4 + 0(4)) (1.4) 

where Af = 2 - ± , Af = 1 - ^, c = 2 iV = 2, 3, • • •. Next we define the classical PB's 
as certain limit of the OPE's (|1.4j) : 

7 TV 

{^(1), V b (2)} = Um^i )(V a (l)V b (2) - V\2)V a {l)) (1.5) 

Z7T 



where a,b = ±1. The last step is to verify that the Hmjv^oo °f (HHD indeed reproduces the 
PB's algebra ( |1.3| ) with n — 1. One can also derive the OPE's ( |1.4| ) and the renormalization 
of the spins of V ± , A quant = A dass — following the procedure of the quantum hamiltonian 
reduction || |3|. Starting with the bosonized form of the SL(2) current algebra (see for 
instance f24|) and imposing the constraints J3 = 0, one obtain the free field representation of 
the PF-currents. The OPE's ( |1.4| ) as well as the new (anomalous) dimensions of \^ ± appears 
CIS db simple consequence of this construction. 

The purpose of this discussion of the parafermionic properties of the nonlocal currents 
V ± is to point out that their quantization requires deep changes in the classical algebraic 
structure ( |i~3"l) namely, i) renormalization of the bare spins s% = ^±1 to = ^^-(l — 2fc+ 1 n+1 ); 
ii) Breaking the global U(l) symmetry to some discrete group; Hi) The quantum counterpart 
of the PB's of the charges Q ± (1+I)( „ +1) (m 6 Z, I = 1, • ■ ■ , 2k + n) of V ± are the so 

m+ 2(2fc + n+l) 

called PF commutators (an infinite sum of bilinears of the charges) (see sect. 4 of ref 0). 
The quantization of the local currents W p is similar to the one of the classical WG n -\- 
algebras. It consists in the familiar substitution ih{ }pb = [ ]comm followed by certain 
changes in the structure constants and of the central charge. No spin renormalization and 
PF type commutators are required in this case. All these new features of the quantum 
\^v4 n -algebras we shall demonstrate in Sect. 9 on the example of the quantization of the 
VA^ = V^ 1,1 ^. The quantum counterparts of the PB's algebra ( fL.3[ ) appears to be the 
"parafermionic commutation relations " ( |9.16| ) and ( |9.17| ). The method we are using allows 



us to find also the anomalous dimensions of the "completely degenerate " representations of 
the quantum V^ 1, ^-algebra. 

The two chiral algebras V^G^ 1,1 ^ and VG^-' 1 ^ together with the nonchiral U(l) current 
( |I~2"D of charge Q = J J da 

{QotV^a),} = ±V ± (a), {Q , W p (a), } = 

{Qo^ia),} = ±V ± {a) 1 {Q ,W p (a),} = (1.6) 

p = 2, 3, • • • , n do not exhaust all the symmetries of the G^ 1,1 ) -NA Toda model ( |1 . 1|) . It turns 
out that certain charges of the chiral nonlocal currents , Q + = J V + da and Q~ = J o n ~ x V~ do 
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have nonvanishing equal time PB's with the antichiral nonlocal charges Q = J V da and 
Q + = J a n ~ 1 V + da. They are linked by the topological charge 

k f 00 k f 00 

H o = 7T di Pdo- = -Qq + —JC n ki2 / d(pida (1.7) 

Z7T J-oo Z7T J-oo 

in the following algebra 

_ hqr roc , i _ 

{Q ± , QT } = ± dade^\ {Q ± , Q±} = (1.8) 

Z J— oo 



Simple redefinitions of the nonlocal charges (see Sect. 4) allows to rewrite the algebra 
and ( |1.8| ) in the standard form of the affine q-deformed SL(2, R) PB'S algebra of level zero 

]27|, f41j. Note that the deformation parameter q = e k K u is a function of the classical (bare) 
coupling constant. It is important to mention that the SL(2, R) q PB's algebra appears in 
the NA-Toda theories (|1 . 1| ) as algebra of the (Noether ) symmetries of their equations of 
motion and leaves invariant the NA-Toda hamiltonian. One has to distinguish this classical 
g-deformed SL(2,R) q PB algebra (generated by the nonlocal conserved currents) from the 
Poisson-Lie group G n (r) of the monodromy matrices M e G n satisfying together with the 
standard group multiplication laws the Sklyanin PB's algebra ||28|| , 



{M® M} = -^-[r,M®Af] (1.9) 



where r is the classical r-matrix. The latter appears in G n WZW models ||, (T^j, |To| and 
the abelian G n -Toda theories (as well as in a large class of integrable models ||16|| ) as the 



right hand transformation that leaves invariant the Poisson structure of the corresponding 
models. Some preliminary results concerning the G n (r)-algebra generated by the classical 
monodromy matrices of G^ 1,1 ^ -NA-Toda models are given in Sect. 4. 

The Poisson-Lie groups are known to be the classical analog of the quantum group U q (G n ) 
encoded in the quantum exchange algebra |L7j , || , ]18| , [19| . One might wonder which is the 



quantum counterpart of the classical SL(2, R) q PB's algebra. Partial answer to this question 
is given by the simplest example of n = 1, N = 2 (the Z 2 PF, i.e. critical Ising model ). 
The quantum nonlocal charges Q + and Q~ coincide with the Ramond sector of zero modes 
ipo and tpo of the (chiral) Ising fermions. It turns out that their commutator is proportional 
to the fermion parity operator T 

[^ ,^o] = ^r, r^oT- 1 = -fa, r^r- 1 ^-^ (1.10) 

and T 2 = 1. This algebra appears to be the quantum analog of (|1.8|) for this particular case. 
It is important to note that the nonvanishing commutator of the left and right fermionic zero 
modes is not in contradiction with the holomorphic factorization of the critical Ising model. 
What is crucial for this factorization is that the anticommutator [ip m ,ipn}+ — 0, n,m G Z 
indeed vanishes. 

To make the discussion of the SL(2, R) q symmetries of the G^ 1 ' 1 ** NA-Toda models com- 
plete, we have to demonstrate that classical solutions with nontrivial topological charge 
H 7^ (i.e. <^(oo,0) ^ ip(— oo,0)) do exist. We derive in Section 5 the general solution of 
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flLip in a simple and explicit form, appropriate for the analysis of these asymptotics. Our 
construction is the NA-Toda analog of the Gervais-Bilal's solution of the abelian Toda 



models. It is based on the important observation that the fields ip, x an d * = 1> ' ' ' > n ~ 1 



of the NA-Toda theory ( |1 . 1|) can be realized in terms of the corresponding abelian Toda 
fields <f a, A — 1, ■ ■ -n and the chiral nonlocal currents V + and V~ considered as indepen- 
dent variables. The origin of this transformation of the solutions of the G^ 1,1 ** NA-Toda into 
those of the G n abelian Toda (and vice-versa) is in the fact that both can be realized as 
gauged GjHfWZW models with Hf = 17(1) ® ^(n - 1), Hf = iV ± (n). Therefore the 
transformation we have found can be identified as (field dependent) gauge transformations 
h{V + )®h{y-) eG n ®G n that maps G/Fi-WZW into G/H 2 -WZW, g x = hg 2 h, g { e GjHi. 
This provides us with a powerful method for explicit construction of these transformations. 
Consider a set of constraints, gauge fixing conditions and remaining currents which define 
the reduction of G n WZW model to G 11 ^ NA-Toda. For G n = A n , 

n n 

jNA _ y+E_^ _|_ E_ ai + V E ai+a . 2+ ... +an + W^_ i+2 E a . +a . +1+ ... +oln (1.11) 

i=2 i=2 

(similar for J NA ) and those leading to the abelian Toda are 

n n 

J = H E-ai + W n _ i+2 E ai+ai+1+ ... +an (1.12) 



i=i 



The transformations h(V + ), h(V ) that maps ( [L.ll]) into ( 1.12|) satisfy the following system 
of first order differential equations 

(J A + -d)h~ 1 = h- 1 J NA (J NA --B)h- 1 = h~ l J A (1.13) 



We present in Sect. 6 the explicit form of the solutions of eqns. (|1.13|) in the A n case i.e. 
h, heSL(n+l,R). 

The fact that one can connect all the coset models obtained from a given G n -WZW model 
(i.e. all the hamiltonian reductions of G n -WZW) by specific (current dependent) G n gauge 
transformations leads to important consequences concerning the symmetry structure of the 
G^'^-NA-Toda models. As one can see from eqns. (\1 . 1 1| - |TT3D the transformation h(V + ) 



gives as a byproduct the explicit constructions of the currents W A , p = 2, • • • n + 1 in terms 
of the conserved currents V ± and W^ A , i = 2, • • • , n of the G^'^-NA-Toda model. We 
further verify (using the V A^^ PB's algebra only) that these W A indeed does close the 

W n+ i algebra. Thus h(V + ) maps the VA^ A ' ) = V^li algebra into the W n+ i-one. This 
shows that W n+ i, which leaves in the universal enveloping of appears as an algebra of 

symmetries of the A^'^-NA-Toda theories as well. 

The gauge transformation between different set of constraints imposed on G n -WZW 
currents play an important role in the description of the symmetries of a larger class of 
G"(f '^-NA-Toda models {J- aj = Kts, J\jH = 0, j = 1, ■ ■ ■ ,n arbitrary fixed). Again 
as in the j — 1 case we find a transformation h{V^) ( as solution of eqn. Q1.13Q ) which 
maps them into G ra -abelian Toda theory. The new phenomena occurs when we consider 
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the transformation H(ji,j 2 ) = hiV^hiV^)' 1 between G% u1 ' and G^'^-NA Toda models 
(ji h)- Both contain equal number of independent fields, both are VFn+i-invariant and 
the transformation if(ji, j'2) realizes the map 

— > W n+1 — Vgp (1.14) 

that mixes their algebras of symmetries. However their lagrangeans, their symmetry algebras 
Vn+x and vjf + i as well as the spins of their conserved currents are quite different. Never- 
theless, as we claim in Sect. 7, they are classically equivalent models related by complicated 
nonlocal change of field variables: g(ji) = H(j±, j2)g(j2)H(ji, J2) . This is the reason why 
we are mainly considering the j = 1 model, all the rest j ^ 1 G^'^-NA-Toda models being 
equivalent to it. 

The G^'^-NA-Toda models we are studying in this paper are the nearest neighbours 
of the abelian G n Toda theories. They are defined by the set of constraints and gauge 
fixings conditions ( \L . 1 1| ) and (|1.12|) . The only difference with the abelian G„-Toda is that 
the constraint Ji^ is removed (Jl^f = V^{z)) and one new PF-type constraint has to 
be imposed J\ h — 0. These modifications of the abelian Toda constraints reflects on 
the properties of the remaining currents: W n+ \ splits in two nonlocal currents V + and 
V~ , the new nonlocal algebra VG^' 1 ^ replaces the WG n algebra and finally the chiral and 
antichiral nonlocal charges Q and Q T together with the topological charge Hq generate the 
SL(2,R) q . One could wonder how general is this way of describing the NA-Toda models. 
Say, abandoning more abelian Toda constraints J- ai = 1 i — 1, ■ ■ ■ ,1 I < n, i.e. J- ai = 
and requiring J\. H = i — 1, • • • , I are we getting new NA-Toda models'! The answer to 
this question is indeed positive: This set of constraints and gauge fixing conditions 

jNAH) = £ y+ E _ ai + j2 E_ ai + £ V-E ai+ ... +an + jh W n . t+2 E ai+ ... +an (1.15) 

i=l i=l+l i=l i=l+l 

(for G n = A n ) defines a family of conformal invariant G^'^-NA-Toda models = 
[ji; J2, • ■ • j ji], labels the positions of the PF-constraints). Their properties are quite similar to 
the simplest G^-'-NA-Toda model. They have 21 chiral nonlocal currents V^, (i — 1, • • • , I) 
and (n-1) chiral local ones W n _j + 2, i = I + 1, • • • , n). The complete discussion of the sym- 
metries of AJp^'^-NA-Toda models, their general solutions, their relation with the abelian 
A n -Toda, etc will be presented in our forthcoming paper |^T] . 



Although the VG^ 1 '^-algebras do not exhaust all the parafermionic extensions of the 
iyG„-algebras, they make the picture of the extended Virasoro algebras more complete. 
The application of the quantum yG n -algebras and their minimal conformal models is not 
restricted to the problem of classification of the universality classes in two dimensions only. 
As it is well known [[41J certain 2-d NA-Toda theories naturally appears in the construc- 
tion of cylindrically symmetric instantons solutions of self dual Yang-Mills theories in four 
dimensions. This is a strong indication that the quantum v4 n -NA-Toda models (and their 
integrable off-critical pertubations ) provide powerful tools for the nonperturbative quanti- 
zation of instantons and merons. 
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2 NA-Toda's as gauged WZW models 



The G^'^-NA-Toda theories we are going to study are originally defined as an integrable 
system of field equations given by the zero curvature condition: 

[d-A,d-A]=0, (2.1) 

for the specific Lax connections 0: 
A 2/CuA 1 ' «f+i A Ql V^ 6 

(2.2) 



where ifj, £y- a denote the generators of the G n -algebra; ±a$ are its simple roots, a-an 
arbitrary root; fcjj and /Qj-the Cartan matrix and its inverse, respectively, kij,K.ij and <x,- are 
the corresponding matrices and roots for G„_i, A» = JCijOtj is the fundamental weight. 

The problem we address here is to find an action which reproduces the equations of motion 
for the fields ip(z, z), x(z, z), 4>i( z , z) (i = 1, 2, n — 1) encoded on eqns. fl2.1p, 



k> ll[ 2 A 2 ' 



B{%**) = -^ 2 Xe^, = "^g^* (2.3) 

where we have used fCufCn = JCu + i. As is well known, the G„-abelian Toda and the 
Ai-NA-Toda theories [E3| are equivalent to specific gauged WZW models: G n /N L £g> ./Vr and 
SL(2,R)/U(1) respectively. This fact suggests to look for a subgroup H C G n such that 
the corresponding G n / H-WZW model provides an action for the G^'^-NA-Toda theories. 
According to the Hamiltonian reduction recipe || |9|, H the first step consists in imposing a 
specific set of constraints on the WZW-currents: 

J—oti Jcti 1) i 2, • • ■ , Tl 

J -[ a ] = J[ a ] =0, a non — simple root 

JxvH = Jm-h = U (2.4) 

on the WZW currents 

k n a ■ H 

J = i^ 9 ^ 9 = Yl J {a}E{a} + ' 2 + J MHM ■ H, 

~ all roots i=2 J 

k - n - a ■ H - 

J = -(^dag' 1 = J {a}E{ a } + ^ J i 1 2 + J *iH*l " H, 

^ all roots i=2 a i 



2 all algebraic notations and definitions used here are collected in App. A 
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An important characteristic of the constraints (2~4") is the group of residual gauge transfor- 
mations iff ® H R G G^ ® that leaves them unchanged: 

Hi = {gl(z)eG^:gl(z)^exp[—X 1 Hu; (z))ex P [J2^ia] 1 (z)E {a]l }} 

11 Hi 



H R = {g R (z) G G R : g R {z) = exp[ £ Q_ Ml {g)E. [eiil ]exp[ 7 ^X 1 HLj (z)]} 

-Hi 



2/Cii 



where [a]i denotes all positive roots except a%. This symmetry allows us to remove the 
remaining irrelevant (fields) degrees of freedom by choosing an appropriate gauge. Note that 
eqs. (|2.4|) can be also considered as specific gauge fixing conditions for the " constraints" 
subgroup H c _®H c + eG^® G R 



K = {g\{z) G G R : g c + (z) = exp[^—XiHuJo(z))exp[J2^[a}ME [a]l ]} 

11 Hi 

HI = {g1{z) G G L n : g°_(z) = exp £ u„ [a]l (z)E_ [a]l exp[—— \ x Huq{z)\} 

-Hi 



We can the further combine H R and H± in two noncommuting and nonchiral subgroups 
H± G G n : 



H+ = {g+ = g+(z)g c + (z) e G n : g+(z,z) = exp[——XiHR}exp[J2^[a] 1 E[ a]l }} 

2/Cn Hi 



H = {9- = g1{z)g R {z) G G n : g-(z, z) = exp^ XlahE- [a]l }exp[-—X l HR}} (2.5) 

Hi 2/Cn 

where X[a±\{. z i z)i V'[ai](- 2 ) %) an d ^(^j 2) are arbitrary functions of z = r + a and z = r — cr. 
In this way, all the information concerning the "nonphysical" (gauge) degrees of freedom 
(that should be removed by Hamiltonian reduction procedure) is encoded in the subgroups 

2 

H± G G n and in the following two constant matrices = YJi=2(~k)E± ai (which indicate the 
currents that are constrained to one). The remaining "physical" degrees of freedom belong 
to the factor group H$ = H /H° , (H° = {g° G G n : g° = exp[^X 1 HR], [g° , e±] = 0}): 

H o = {% e G n : g s (z, z) = exp[xE_ ai ]exp[J2 — \ 4>i\exp[ijjE ai } (2.6) 

i=i a i+i 

This decomposition of G n into H± and Hq provides us with a specific parametrization for 
each g(z, z) G G n : g(z, z) = g^g$g + . The latter is the crucial ingredient in the derivation of 
the NA-Toda eqns. ( |2.3|) from the original G n -WZW equations d J = dJ = by imposing the 
constraints (^.4[) and the corresponding gauge fixing conditions. The proof is quite similar 



to the one of the abelian Toda case ||(see also [22]). We leave the details to appendix A. 

The natural splitting of the original G n valued WZW fields g(z, z) into irrelevant g± G H± 
and physical ones g[ G Hq induced by the constraints ( |2.4|) is an indication that the G^ ,v> - 
NA Toda models (gl^ can be described as gauged H_ \ G n /H + (= G n /#)-WZW models. 



S 



Given the subgroups H± G G n and the constant matrices e G The standard procedure 
||, |37] to construct the corresponding action consists in the introduction of auxiliary gauge 
fields A(z, z) G H- and A(z, z) G H + : 

A = hZ 1 dh^, A = 5h+h+ 1 , h ± eH ± (2.7) 

interacting in an H± invariant way with the WZW field g G G n : 

S(g, A, A) = S(g) - A J dzdz Tr {Aidgg' 1 - e+) + A(g~ 1 dg - e_) + AgAg^ 1 + A A } 

(2.8) 

where S(#) is the G n -WZW action: 

far — far 

S(g) = -— J dzdzTrig^dgg^dg) - — J d 3 xe ijk Tr(g~ 1 d i gg~ 1 d j gg~ 1 d k g) 

and Aq = h ~ 1 dh (A = Bh^hZ 1 ) (h G Hq) is the diagonal part of A and A. Since H± 
( |2.5| ) are by construction semidirect products of nilpotent N±^ and diagonal Hq subgroups, 
the gauge fields A G H- and A G 7Y + covariantly split into nilpotent A^.(A + ) and diagonal 
A (A ) parts A = A_ + A , A = Aq + A + . 

The structure of the ^4(^4) dependent terms in fl2.8|) represents a mixture of the familiar 
(vector) U(l) = H$ gauged WZW model(of PF-type) and the nilpotent N±^ gauged WZW, 
similar to the one that gives the abelian Toda model ||. The specific combination of terms 
that appears in ( |2.8|) is fixed by the requirement of if-t-invariance of the action S(g, A, A), 
i.e. under the following transformations 

g = a^ga + , A' = Aq + «g 1 9«o, A' Q = A + BctQaQ 1 

A' = aC 1 Aa- + aZ 1 da^, A' = a+AaZ 1 + Ba+aZ 1 (2.9) 

where az±(z, z) G H± and a G Hq. 

What remains to be shown is that the action (|2.8|) indeed describes the G^-'-NA-Toda 
theories. The way we are going to prove it consists in deriving an effective action ( |1 . 1| ) of the 
NA-Toda model by integrating out the auxiliary fields A, A in (|2.8j ). In order to perform the 
(matrix) functional integral of Gauss type in A and A, we first simplify (|2.8| ) by gauge fixing 
the if ± -symmetries. We choose a± = g± x , therefore g' = a^ga + = a^g^g^g + a + = gl, i.e., 
S(g,A,A) = S(g f 0} A' } A'). Equally well, one can consider this change of the variables 
A, A — > A', A' in the functional integral. Taking into account the specific form of g[ G Hq 
(see eqn. (|2.6|)) and that A' G 7Y_, A' G H + we verify that the following trace identities 
hold: 

liA'dgMY 1 = TrA' Q dg f Q(9 f y\ TiA'^dgl = Tr A^g^dg^ 
TrA'gfA'igfy 1 = Tr^A'^)^ + TrA^A'^)" 1 . 

As a consequence, the functional integral over A, A splits in a product of two integrals: the 
first one lying in the diagonal subalgebra Hq of Hq : 

Zq = J DA' DA' ex P {-G (A' ,A' )}, 
Go = ~ Tr J dzdziA'^AMy 1 + dg f ) + A^OgM)' 1 ) + A' A' ], (2.10) 
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and the second one, lying in the nilpotent subalgebras J\f+: 
Z + _ = J DA'DA' + exp{-G + -(A'_,A' + )} 



~Tr J dzdz[A'_g f A' + (gf) 1 - A' + e_ - A'_e + \. (2.11) 
According to the definition of Tio, an arbitrary A' G 7Y[j can be parametrized by only one 



function a' (z, z): 



A' = r^-Ai • Ha' , A' = -i-Aj • Ha' . (2.12) 

We first simplify Go(aQ,a' ) taking into account the explicit form (|2.6| ), (p. 12 ) of g[, and 
^4o,^4' and the basic trace formulas for the G n - generators 



TriHiHj) = Sij; Tr(# 4 £ a ) = 0; Tr{E a E p ) = —5 a 

The result is 



2 ~u+/3,0 



G (a , a' ) = -— J {a' d A - e kl2 ^(a' xdip + a' ipdx)} , 

where A = 1 + i^^e^^ipX- Thus the matrix integral ( |2.10| ) reduces to simple functional 
Gauss integral for the scalars a' Q , a' : 

Za ^^", (2,3) 

The calculation of S(gl) can be easely performed applying the Polyakov-Wiegman decom- 
position formula for each of the multipliers in g$ (see ( |2.6|) ): 

S(d) = ~^J dzdz{f) ik d<t> i d<t> h + 2exv{k X2 <l) X }dxd'il)} (2.14) 

where r]^ = is the Killing-Cartan form for G n -\ (obtained by deleting the first point 

of the Dynkin diagram of G n ). In order to take the integral ( [2.11|) we have to rewrite G + _ 
separating the exact square term 

g + - = ~J dzdztr \{A'_ - de-(d)~ x )d{K - id)' 1 e+gl){gl)' 1 - ^-(d)' 1 

(2.15) 

Its contribution to the effective action yields 

k r -l k r 2 n ~ 1 2 

3+1 = ^ J dzdztr[e+gle-gt ] = — J dzdz{-f exp (2.16) 

Combining together Sq , S(gjj) and S+l we find that the effective classical action (all the 
determinant factors from the Gauss integration and changes of variables neglected) for the 
H± gaugeed G„-WZW model has the form 

S e G % = - A / dzdz | Ifj^m* + - ( 2 -r £ -jLe-*«*> } . (2.17) 
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Finally, comparing the equations of motion derived from ( j2.17| ) with the NA-Toda ones 
(P-3|), we realize that they do coincide. Therefore, the Sqj h is the action for the G^'^-NA- 
Toda theories we were looking for. This completes our proof that the class of NA-Toda 
models we are considering are equivalent to the gauged H- \ G n /if + -WZW models. 

Note that the second term in (|2 . 1 7|) contains both symmetric and antisymmetric parts: 

gfcl2<£l _ gfcl2</>l 



A A 

where g^ u is the 2-D metric of signature = diag{l, —1). For n = 1 (G n = A\, 4>i is zero) 
the antisymmetric term is a total derivative: 

<V / i 7 = 7, e ^ d v hi {1 + ipx} d u In ■ 



and it can be neglected. This Ai-NA-Toda model is known to describe the 2-D black hole 
solution for (2-D) string theory |23|. The G^'^-NA-Toda model (G„, = B n or D n ) can be 
used in the description of specific (n+l)-dimensional black string theories [10(1, with 
n-l-flat and 2-non flat directions (g^ u G a b(X)d fJi X a d u X b , X a = (ip,x, 4>i))i containing axions 
(e lJiU B a b(X)d f j i X a d u X b ) and tachions (exp {— kij(j)j}), as well. For this geometric interpreta- 
tion of the NA-Toda models, it is convenient to rewrite the antisymmetric term in Q2.17D 
as: 

6 A ^ud^d v x = -^ iiV k X 2d^\[^dvX ~ X^) — ^ 12 ^ 1 ^ + fCue^d^ ^ln {A} d v In %\ . 
Discarding the total derivative term, the action (2.17) takes its final form: 



S G% = S g^ = -^j d^iw^d^d^k + —g^d^dvx 



(r) 2 E— ^'^-0^12^01 (V^X-X^V)-^}. (2.18) 

K i=l a i+l A A 



Our definition of the G^'^-NA Toda models (|2.17| ) is based on an appropriate set of 



constraints ( j2.4|) on the G n -WZW currents and their residual gauge symmetries. As we 
have shown this data can be transformed into a (complete) set of subgroups H± , the factor 
group Hq of G n and the matrices e±. This allows us to represent these NA-Toda models 
as H_ \ G n /if + -gauged WZW models. One might wonder whether they can be derived 
following the original Leznov-Saveliev (LS) approach |^0[ to the NA-Toda theories and vice- 



versa, i.e. given a model from the LS-scheme, could one write it as gauged WZW model? 
As it is shown in appendix A starting from our NA-Toda data, H±, Hq (and Hq), e± one 
can construct an unique grading operator Q = Y<i=2^~H sucri t na ^ [Q^±] — i^W±, 

i 

[Q, H ] = 0, [Hi, e±] = 0, = H /H$ and finally to derive eqns @ following the LS- 
approach. There exists however a difference between the LS-NA-Toda models and our G^' 1 '- 
models. It consists in the following: given a grading operator ( from the Kac classification 
table) Q = Y%L\ 2siX ^ H . To construct a model of the LS-type one has to find an appropriate 
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(linear) combinations e± of the G n step operators of Q-grade ±1, such that Q and e± closes 
an SL(2, R) algebra. The e± of the G^' 1 '- models closes an SL(2, R) algebra not with Q but 
with Q' = Q + H° , {Hi = (3\xH, [e±,7ig] = 0), i.e. [e+,e_] == Q + H° . The equivalence 
of the G^'-NA Toda models with certain H \ G n / H + (e±)-WZW coset models raises the 
question: What is the gauged WZW model describing the NA-Toda theories of the LS-type? 
One has to repeat literally the construction presented in this section using the corresponding 
(LS) e±'s and as H± - the positive (negative ) Q-grade subgroups of G n . 

The main advantage of the description of the NA-Toda models as G / H-WZW models is 
that it provides a powerful tool for the construction of conserved currents, for the derivation 
of their V^- algebras (see Sect 3) as well as for their quantization (see Sect 9). 



(1 1) 

Conserved Currents and -algebras 



We start our analysis of the symmetries of the G^'^-NA-Toda theories ( |2.18|) with the con- 



struction of the improved (classical ) stress-tensor and the global U(l) current J M . Since 
the action ( |2.18| ) is manifestly translation, Lorentz and dilation invariant, the corresponding 
7) t „ is conserved, symmetric and traceless and its two nonvanishing (chiral ) components 
T(z) and T(z) are given by 

T{z) = l^Mk + E J^ 2 0, + + 7 0(^X e *»*) (3.1) 

where 7 = J27=i (i- e - lA n = ^,7s„ — n - 1, j Cn — n — §)• T have the same form 



with d, ip, x — ► d, x, ip- Thus our NA-Toda models (|2.18|) are indeed conformally invariant. 
Another evident symmetry of the action ( [2.18] ) is under global U(l) gauge transformations: 
0'j = (pi, ip' = ipe~ a and \' = x eC " i a is a constant). The corresponding (nonchiral ) U(l) 
current derived from fl2.18| ) is of the form 



h = ~(^)^ — (V'^X - Xd^ - ku&xdM ( 3 - 2 ) 

and its conservation reads dJ + 5 J = 0, where J = ~( J — J\) and J = |(J + Ji). 

Similarly to the abelian Toda case [^] one might expect that the NA-Toda theories 



obey a larger set of symmetries generated by certain higher spin conserved currents. This 
is indeed the case, however it is rather difficult to derive them from the effective action 
( |2.18 ). A powerful and systematic method of exhausting all the symmetries of the models 



( [2.18j ) is based on their equivalence with specific //-reduced G„-WZW models as we have 
shown in Sect. 2. Since the equations of motion of WZW theory (dJ a = dJ a = 0) reduced 
by the constraints ( [2.4|) do coincide with the NA-Toda field equations ( [2.3|) , the remaining 
unconstrained WZW currents appears as the conserved currents for the G^'^-NA-Toda 
theories as well. The recipe for deriving the explicit form of these currents in terms of fields 
X, if> an d 4>i consist in the following; i) choose an independent set of remaining currents 
by gauge fixing the residual gauge symmetries of fl2.4p; ii) realize all WZW currents in the 



g-parametrization, g = g-glg + (see Sect. 2) and next solve the constraints (and gauge 
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fixings conditions) against the physical fields \i 4> an d <fc iii) substitute these solutions in 
the remaining currents. 

Let us first find an independent set of remaining currents and calculate their (improved) 
spins. As we have shown in Sect. 2 the constraints ( |2.4| ) remains invariant under the group 
This allows us to choose a specific DS-type gauge || such that the only independent 
nonvanishing remaining current are: 

J-ai = V + 1 Ja 1 +a 2 +---a n = V Ja n +a„_ 1 +---a k = W n _ k+2 (3-3) 

for A n and 

J-ai = V + > Jai+2a 2 +---2a„ = V 

Ja k +2a k+1 +-2a n = ^(n-fc+l)' fc = 2, 3, • • • , U — 1, J an = W 2 (3.4) 

for B n and C n . 

For each chiral sector, the gauge fixing condition for the simple root constraints J- ai = 1? 
(i 7^ 1) requires J^h = 0. In order to make these constraints consistent with the conformal 

a 2 
% 

invariance (including Lorentz), we have to improve the WZW-stress tensor Tyyzw by 

n 

T = T WZ \y + dJ2XjH (3.5) 

i=2 a i 

such that the spin of J_ Qi with respect to T is zero. Since J_ ai is unconstrained we can add 
a term proportional to dJ^u i.e. 

T = f + XdJ XlH (3.6) 

The condition that fixes X comes from the consistency of the conformal transformation of 
J\ ± h generated by T, 

n 

{T{a), J XlH W)} = JxM°')V{° ~ °') + d a 'Jx lH {(T')S(a - a') + (X/C n + £ K u )6"(o - a') 



i=2 



with the constraint J\ x h = 0, i.e. 



1 n 

X = - ir Y,*u ( 3 - 7 ) 

t=2 



Then the improved spins of the remaining currents J a ( a being one of the roots appearing 
in@, O, ) is given by, 

n Xa 

s{a) = I + X\ ia + Y. 2 ^T ( 3 - 8 ) 

i=2 a i 

For the A^'^-NA-Toda models we have X = — ( - n ~ 1 - > and eqns. ( p.6|) gives 

Tl ~\~ 1 Tl ~t~ 1 

s~ = s(—a) = — - — s + = s(«i + a 2 H a n ) = — - — (3.9) 
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In the B n case we find X = 1 — n and rescaling that Ai = «i + a 2 + • • • + ct n we obtain 

s~ = s(— «i) =n s + = s(ai + 2a 2 + 2a 3 + • ■ ■ + 2a n ) = n 

s 2 = s(a n ) = 2, s k = s(a k + 2a fc +i H h 2a n ) = 2(n - k + 1) 

The same is true for C n -NA-Toda theories. 

We have to note that the PF-type constraint J^h = J\ 1 h = results in a system of 
differential equations for the field R, 

**gax 5R= ^x5i- (310) 

A A v ' 

Therefore the elimination of R by solving ( |3.1Up introduce certain nonlocal terms (of the 
type e aR ) in the part of the remaining currents. To construct the conserved currents for 
G^-NA-Toda for generic n is rather cumbersome task. There exist however few exceptions 
when we can easely perform all the calculations for arbitrary G n . These are the two (simple 
root) nonlocal currents V + = J- ai and V~ = J ai , 

fee v-(z) = -- (3.11) 

v > 2 A K ' 2 A y ' 

and the chiral components of the stress tensor T(z) = J an , and T(z) = J- a „ which indeed 
coincides with the improved stress tensor ( |3.1| ), derived directly from (|2.18 ). As in the case 



of the abelian Toda theories p0| , @ the higher spin currents (s > 3) have quite complicated 



form and the knowledge of their explicit form is not necessary in the derivation of the 
complete algebra of symmetries. Nevertheless we present here few examples for the A^' 1 ^- 
NA-Toda (n = 1,2) mainly concerning the rest of the nonlocal currents V~(z), V + {z). 
Their explicit form happens to be important for the derivation of the SL(2, R) q algebra of 
symmetries in Sect. 5. For n — 1 the remaining nonlocal currents of spin 1 have a form even 
simpler than ( |3.11| ), 

V- =1 = {\)e- R d^ V+ =1 = {\)e- R d X (3.12) 

The full set of conserved currents in the A 2 case contains together with ( |3.1| ), ( |3.2| ) and Q3.1ip 
two extra nonlocal currents of spin 3/2, 

V' =2 = {\fe^ R (W + ^P{dRf - ^{d^f - ijd 2 ^ - -^d 2 R - hdWR) (3.13) 

and V+ =2 = V- =2 {ip -^x,d^B). 

We now come to the main problem addressed in this paper: to derive the complete 
algebra of the symmetries of the G^' 1 ' -NA-Toda theories given by the action ( \2.18j ). As 
we have shown above this algebra is generated by the n + 1 chiral V ± , T, and n + 1 
antichiral V ± ,T, conserved currents ( |3.3|) , (|3.4j) , etc together with the nonchiral U(l) 
current (J(z,z), J(z,z)). Given the explicit form of the conserved currents, the standard 
method for deriving their algebra consists in realizing them in terms of the fields Xi 4> 
and (pi, their conjugate momenta (obtained from (|2.18|) ) and their space derivatives. From 
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the canonical PB's one can, in principle, calculate the algebra we seek. This method of 
calculating is known to be difficult and cumbersome, even for the simple cases n = 1, 2, 3 
where all necessary ingredients are at hand. Fortunately a short cut exists and is given by a 
simple procedure proposed by Polyakov |7| for deriving the W3 algebra from the constraint 
SL(3, R) current algebra transformations. This method does not require any knowledge of 
the explicit form of the currents. We are going to demonstrate now how it works in our case 
of parafermionic if-reduction of the Cr n -WZW model described in Sect. 2. The starting point 
are the G n current algebra infinitesimal transformations 

5J=[e,J]-~de (3.14) 

with J = Y,aii roots J{a}E{ a } + J2 JiH% and the same decomposition for the chiral parameters 
e ( z ) — Hail roots e {a)E{a) + Y^^Hi- We next substitute the constraints ( |2.4| ) and the gauge 
fixing condition ( in the DS gauge ) in ( |3.14|) and further require that the remaining gauge 

transformation (generated by V ± , T and W^ G ' )to leave ( |2.4| ) invariant. As a result, ( |3.14 ) 

,2 



gives rise to a system of n + 1 linear algebraic equations and n — 2 first order differential 
equations for the redundant e's we have to solve in terms of the independent parameters 
e ± , e, r] p and the currents V ± , T, W^ G \ The remaining n + 1 equations of (|3.14|) represent 



p 

the effective transformation laws of V ± , T, we are looking for. It becomes evident 

from the explicit form of eqs Q3.14 ) that our system of differential equations, is diagonal on 



the derivatives and that the first equation (the coefficient of Hi) splits from the others. Its 
integration is straightforward for generic G n , 

e x = JL J e{a _ a >)( e + V - - e-V + )(a')da' (3.15) 

It gives rise to the only nonlocal quadratic terms in the VG^' 1 ^ algebra. The integration 
of the rest is reasonably simple but the explicit form of the recursive relations to be solved 
depends heavely on the G n algebra in consideration. This is why we choose the simplest case 
of PF reduction of the A n - current algebra in order to demonstrate our method in solving 
the system of algebraic and differential equations (eqn. ( |3.14j ) reduced by the constraints 
( p.4| ) in the DS gauge ). It is convenient to write eqn. ( |3.14j ) in the Cartan- Weyl basis and 
realize the A n generators E a , Hi in terms of (n + 1) x (n + 1) matrices (-By)fei = ^ik^ji'- 
Hi = En, E a = E ij} (i < j), E_ a = En, (i > j), i, j = 1, • ■ ■ n + 1 and H t = 0. The 
constraints (12.4!) takes the form 



Ji t i-i = 1, i = 3, • • - n + 1 Jij = 0, i > j 7^ i — 1, Jn = (3.16) 

the remaining currents are then given as 

^2,1 = V + , Ji, n +i = V~, J P) n+i = W n -p + 2, p = 2, ■■■,n (3.17) 

and all other elements Ja , i = 2, • • • , n + 1, J^, (k < I 7^ n + 1) are zero in the DS-gauge. 
Apart from the equations for the transformations of currents ( |3.17 ) the rest of the system 
( |3.14j ) can be written in the following matrix form 

k 

— —dtik = Jijtjk — e ijJjk (3.18) 
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(the equation for (ik) = {(21), (p, n + 1), (l,n + 1)} excluded ). We next choose the inde- 
pendent parameters to be e~ = ei 2 , e + = e n+ i t i for the transformations generated by the 
nonlocal currents V , e = e n +i,n for conformal transformation (T = W 2 ) and r/ n -p+2 = en+i, P 
the transformation generated by the highest spin currents W n - p+ 2, P — 2, • • - n — 1. The 
problem is to solve eqs. (|3.18|) for all others in terms of e , e and r/ p and V , T and W p . 
We first derive the conformal transformations S t V ± \ Vp=t ± =0 , etc , setting 7y p = e ± = in eqn. 
( |3.18| ). In this case all e^'s for i > k satisfy simple algebraic equations and their solution is 

e^-i = e i — 3, • • • ,n + 1, e 2 i = e^ + , e ik = i > k ^ i - 1 (3.19) 

The diagonal elements e^, i = 1, • • -n + 1 with X^i* e a = satisfy the following system of 
differential recursive relations 

e« - ei-i.i-i = ^<9e, z = 3, • • • , n 

n A; 
-e n ,n - E e U = 9 de, e n = 
z=i 1 

The solution is 

(2s — n — 3) .A;. „ . 
e ss = - ^ ( 2 ) ' s = 2 '"' n 611 = ^ 3 - 2 °) 

We next consider the equations for the upper triangular part of and find that all elements 
of the first row, ei iS vanish except the last one, 

e liS = 0, s = 2,---,n; e 1>n+1 = eV~ (3.21) 

The recursive relations for e^/ + i, I = 1, ■ ■ ■ ,n are of the form 

k 

Q,z+i - ei-i,i = T^deu + eT5i >n 
and can be easely solved by taking 

e M+1 = £ £ + eT ^« = " 1 " ™)(^) 2 e + (3.22) 

^ s=2 ^ ^ 

Similarly for e^ +2 we get for I — 2, • • • , n — 1 

A; * A; ' Sl 

= - Y, de ^+i + eW 3 8i !n _ 1 = (-) 2 5^ d2e s 2 ,s 2 + eW 3 8 ltn ^ 

^ s=2 ^ Sl =2s 2 =2 

and for generic e^ +m , I = 2, • • • n — m + 1; m — 1, • • • , n — 1, 

+m— 1 ,n— m+1 

(3.23) 

^ s=2 

Taking into account ( |3.20| ) and the well known multiple sum formula, 

W ^/ m - 1_ m!(Z-2)! -[ m J (3 " 24) 

si=ls 2 =l S m _l=l \ / \ / 
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we derive the explicit form for 



in • 



e M+m = eWW /in _ m+1 + ( m j 2~ }( 2 } ( } 

I = 2, ■ ■ ■ n - m + 1, m = 1, • • • n - 1. The eqs. (|^T9|) , flOOD , ( p2|) and (ggg ) give the 
general solution for eqn. ( |3.18|) for the case e = ?7 P = 0, p = 3, • • • n. The remaining part of 
eqns. ( |3.14| ) represent the effective infinitesimal transformation for V , T = W 2 and W p we 
are looking for, i.e. 

5 e V + = e 22 V+-~de 21 , 5 e V~ = V~ £ ^ a - ^de hn+1 , 

1 s=l 1 

k s ~ 2 

S e W s = eW s+ i - (s - l)W s (-de) + e n ^ s+2>n - s+p+ 2W s -. p - e n _ s+1)ri+1 

1 P =i 

k 

— — de n -s+2,n+i (3.26) 

Substituting the explicit form of the redundant e' ik in (|3.26|) and rescaling the conformal 
parameter e = — |e we obtain the desired conformal transformations 

5V ± = T ^V ± d~e + ~edV ± 



2 

sw s = sw s di + idw s - (-'-y [ ; 1 " v, ;; yv ^ 

s-2 



_*> ( n - 1 1 n ( n + i )( s - i ) as +i~ 

" r ""'* 1 2 j I s-1 J 2s(s + l) 



p=l \ 

s — 2,3, • • -n, = 7\ Note that the nonhomogeneous conformal transformations of W s , 
s — 3, • • • n, (the last two terms in <5Ws) reflect the fact that we are working in the DS gauge, 
where the W s are not primary fields with respect to T = W 2 . One can find an appropriate 
"gauge transformation" that maps the DS gauge in a gauge where all W s are primary fields 
(see sect. 4 of ref. (f25|) for the v4 3 -case ). For example W 3 = W 3 — 1 ^dT is primary field. 
The construction of primary W s for s > 4 requires further investigation. 

In order to find the transformations generated by the nonlocal currents V we have to 
solve eqns. (|3.18|) for the particular case where e = rj p = 0, leaving this time, e uncon- 
strained. Following the same strategy we first consider the equations for the lower triangular 
part of €ik, i > k. Starting with the n th row we find 

e n _ M = 0, 3 = 2,---n-k-l; fc = 0,l,---n-3 (3.28) 

and the following recurrence relations for e n _ Sj i 

e n _ Sil + e + W s+1 + ^«9e n _ s+ljl = 0, e n>1 = ~de + (3.29) 
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s = 1, 2, • • • n — 2. The solution of (3.2ij) is given by 



n-Z-l jL r, 

= E (-!) S ( 7^)V^n-*- s+ i) + (-~dr~ l+1 e+, I = 2, • • • n (3.30) 



For the diagonal elements we get 



^ Q,i + Cn,n — 0, €2,2 — • • • — 63,3 — £„ >ri 
i=l 

^9ei,i + e + V" - e~V + = 



and therefore (d = 2d a , de\ t i = 0) 

e n (a) = ^- J e(a - a')[e-(a')V + (a') - e + (a')V-(a')]da' 
1 

e s ,s = ei,i, s = 2, ■■■n (3.31) 

n 

From the upper triangular part of eqn. ( |3.18| ) we derive 
ei,i = (^)'-V, i = 2,..-n + l 

Q.m = ^±± e -K + + — e+V", i = 2,...,n 
n n 

= ^(9 e -)K + + ^(/-l)a( e ^ + ) + ^^^( e + y-- e -y + ) (3.32) 
Z = 2, • • ■ , n — 1, and for the generic 6/ /+ m the recursive relation is 

£l,l+m = £i,m+iV + + E(^^) e s+i,s+m, m = 2,---,n + l-/ (3.33) 
s=l ^ 

The solution of eqn. Q3.33j ) can be written in the following compact form 

1 / l + m — 3 \ i„,_ lr , l + m — 2. _ Tr , l + m — 2 > -. 

e^+m = - ! 77^ ) (" e V + + e + V 

n \ m - 1 J y 2 m m 

rn-2 / 7 , „ _ o \ jU jt. 

+ E( s ) (f 9Y(V + qdr- s -h-), m = l,...,n + l-l (3.34) 
The e 1 * 1 -transformation laws for V ± , T and W s derived from ( [3.15| ) are 

5V + = e 2 , 2 V + -e 1A V + -e + W n -^de 2>1 

n n ^ 

5V~ = (ei,! + E ^,i) v ~ + E ei, a W„- 8 +2 ~ ^de hn+1 

i=l s=2 ^ 

n 

5W p = € n - p+ 2,lV + E f n-p+2,s^n-s+2 ~~ ^n-p+l,n+l — 77 ^ e ™-P+2,n+l (3.35) 

s=n— p+3 — 



p = 2, • • • , n. Taking into account the explicit form ( |3.3U| ), ( |3.31| ), ( |3.32| ) and ( |3.34| ) of the 
e's that contribute to ( |3.35|) we find the transformations generated by the nonlocal currents 



V ± to be in the form (e^ = — ^■e ± A 



S f ±V^ 



s f ±v~ 



<L±T 



S e+ W p 



S t -W p 



+ 



+ 



+ 



= ~^k^ / C((T " - r(a')V+(a')]V + (a)da' 

+ E(f ) S - 1 (-9) S (6 + W n _ s ) - {-) n -\-dY~e + 

s=0 Z Z 

= / <a - a')[i + (a')V-(a') - ~e (a')V + (a')]V~(a)da' 

2 2 2 2 

s=0 Z Z 



n — 1 / n-2 \ i 



n — 1 ( n — 2 \ r k . 



np 



p — 1 



2 y 1 ; n(p-l) \ P-2 



s=n— p+3 



s-3 



s-2 



s+p-n-3 y n(s +p — 2 — n) 2 



k 

• _\s+p-n-^QS+p-n-3f~+y- 



p-2 

E 

s=0 

2 



n — p + s — 1 \ 2 i 



fc 



T(oW + (o3) 



p-s-l~- 



fc v 2 



r, n — 1 I n — 2 
nk p \ p - 1 



n — l x / n — 2 



n 



p - 1 V p ~ 2 



|](|ar 1 (rv+) 



p-3 



n — p + s \ , 



^* fl [^(^ a (rv + )] 



s+p— n— 4 



T E ^n- S+2 { E 



n — p + I \ ,k 



l \\f+(-F)\ s +P- n - l -Zz- 



s=n— p+3 

s-3 
s + p — n — 3 



(1 



/ 

s-2 



~dy[v+Qd) 



n(s + p — n — 2) 2 



(3.36) 



We next consider the transformations generated by W3 taking e + = e = 0, rj p = for 
p = 4, ■ • • , n leaving 7/3 = rj as a free parameter in eqns. ( |3.18 ). Solving eqn. (|3.18|) for i > k 
we find 



^1,1-1 
e l,l 



0, = 0, • • • , n — 4; s — l,---,n — k — 3 
77, Z = 4, •••,n; e 3> i = ?7V + 

(l-n- l)-dr], I = 3, • • • ra; e 2 ,i = -(n - l)V + -<9r? - -»7£?V~ 



0, e M = — r/T + { 



'"- 1 >'"- 2 »-"- 2 >< 2 "-'- 1 »}(V„, , = 2,., n -l 



19 



n — 2 m (n — 2)(n — 1) ,k , 

e n , n = vT- y - £ L (-df V 3.37 

n 6 2 

The solution of eqn. ( p.!8| ) for z < is given by 

k 

e h i = I = 2, • • • ,n - 1; ei >n = 77 V - , e 1)n+1 = -<9(r?V^) 

2 f I -\- m 2 \ & 

ey+m = 77W m+2 ^ +m + (?7W m+ 2 + (-5)(ryW m+ i))5„ + i ) z +m (o^) m ( ? 7 T ) 

2 n \ rn J z 

+ <LrO + ^( ,+ :" 2 )-"( i -") }( ^ 

m = 1, • • • , n — 1, I — 2, ■ ■ ■ ,n — m + 1 (3.38) 

where we denote V + V~ = W n+ \ in order to include the case e2, n +i in the general formula for 
eij+m. The corresponding W^-transformation of the currents V ± , T = W2, W p calculated by 
substituting ( p.37|) and (|3.38|) in ( p. 14|) has the form 

5 V V + = ~r/IV + + i -^- Y ^-V + ^d) 2 r ] + V (^d) 2 V + + n{±drj)(±dV + ) 

S V V- = IrfTV- + {n + l) l n ~ A) V-{ k -dfr 1 - V £d)W~ - 2( k -d V )£dV~) 
n o 2 2 2 2 

<W = -(p+ l)(^d V )W p+1 - 277(^)^+1 - (^) 2 (« + (P ~ 1) 2 (P ~ 2 V p (^) 2 r / 



2/n\i nWw , r / n + 2\ (n 2 -l)/fi\ /n+lLt 



-n 



s + n — p + 1 \ u k , s+2 x x ,k 



s , .K^M + <v(^d V )W p+1 (3.39) 

Following the same procedure we find the transformations generated by W n , 

1 k n ~ 2 k k 

Ky + = --^ + [(-|9)"-v-E(-f 9 ) s ~ 1 (^_ s ] + (-|9)«- i (^i/ + ) 

J=l Z / s=l A 

s Vn v- = iv-{(-^dr- i Vn } - (-^r 1 ^-) 

n-2 jL 1 n-2 k 

+ E wwwrvn - -v- T.i-^r'ivnW^) 

s=l 2 n s=l 2 

p-2 

e n-p+2,l^ + e n-p+2,2^n + E e n.-p+2,s+n-p+2 Wp-s — e n -p+l,n+l 

8=1 

- -9e n _p +2 ,„+i (3.40) 
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where 

k 



e n - P+ 2,i = {--ay- 2 (vnV + ) + 

Z 8=1 Z 

n-2 



+ (-!)•[( 'Tr'j-^T' jiEt-^^'^^-o 



+ (-i)>( J ) - ( p )][(-^r-v-E(-^r- i ( ?7n w n _ s )] 

The derivation of the remaining ^-transformations for 3 < p < n — lis more complicated 
and is presented in the appendix B. 

In order to find the explicit form of the classical PB's algebra v£+i generated by the V ± , 
T, W p we have to remember the standard relation between the infinitesimal transformations 
and the currents PB's : 

5 e ±J(w) = [ dze ± (z){V T (z),J(w)} (3.41) 



where J is any of the currents V ± , T, W p , p — 3, • • • , n. Starting from ( |3.36| ) we easely derive 
the algebra of the nonlocal currents 

n 4- 1 

if) _|_ i u 

V-(a')} = -^e(a - a>)V+(a)V-(a>) + W - a') 

n-2 u 

-EB M ^(0%^-0 (3-42) 



In the simplest case, n — 1 (/^-model ) the full K> ' algebra is spanned by V ± ( of spin 

i±] 

2 



= 1 ) only. It turns out that this nonlocal V 2 algebra coincides with the semiclassical 
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limit of the Fattev-Zamolodchikov PF- algebra || studied in ref. [f5?| (see also our eqns. 
( |1.4| ), ( |1.5| )). The algebra V3 of the symmetries of A 2 NA Toda model is related to the 
semi-classical limit of the Polyakov-Bershadsky W 3 algebra p6| , but with the local U(l) 
current gauged away, i.e. one additional constraint J\ lH = is imposed in the corresponding 
reduction of the A 2 WZW model. The V 3 {1,1) algebra is a PF-type extension of the Virasoro 
algebra 

{TV, TV)} = 2[d a ,S{a - a')]T(a') + 5{a - a')d a ,T(a') - jd^S{a - a') (3.43) 

with two spins s = 3/2 (nonlocal ) currents 

{TV), V ± {a 1 )} = s[d al 5(a - a , )]V ± {a') + 5 (a - o , )d <r ,V ± {p') (3.44) 

The PB's of the V ± in this case are given by (|3.42|) with n — 2. This algebra is quite similar 
to the semi-classical limit of the N = 2 superconformal algebra. 

The V4 algebra of symmetries of ^-NA-Toda theory provides an interesting example 
of new type of mixed parafermionic-WValgebra. It represents a nonlocal and nonlinear (non- 
Lie ) extension of the Virasoro algebra Q3.43Q with two spins s = 2 nonlocal currents V r± 
and one local spin s = 3, u 3 = W3 — d a T . Together with fl3.43j ) (with central charge —2k 2 ) 
and ( 3.42 ), it contains two new PB's, 

{^ 3 (a),V ± (a')} = ^(OW-oOTyM^-*^ 

± Ka-a')[^TV ± -kdl l V ± {a')^ (3.45) 



and 



{uj 3 (a),uo 3 (a')} = 4 (v + V~ + -T 2 ) {a')d a ,8{a - a') + 25(a - a')d a ,{V + V- + -T 2 ) 

1,2 ot.2 rh.2 

--5{a - e>)dl,T - —[d a ,5(a - a')]<9 2 ,T - — [dl,5{o - a')]d a ,T - 
-T(a')c^,S(a — a') + -—d^,8{a — a') (3.46) 



6 V / CF V , g 

The eqns. ( p.44|) , ( |3.45| ) and (|3.46|) are derived from the infinitesimal transformations ( |3.39| ) 
taking into account that we have introduced the primary field 003 instead of W3 (from the D-S 
gauge ). It is straightforward to write the PB's {W P1 , W P2 } and {W P1 , V ± } for the arbitrary 
Vn+i algebra. As we have mentioned they are encoded on the corresponding infinitesimal 
transformations ( |B.17| ),( |B.18| ) and and ( |3.36| ). In the nonprimary basis (DS-gauge ) for W p s 
the algebra looks rather complicated. 

The method we have used in the derivation of the V^+i works equally well for arbitrary 
G n . The explicit construction of the solutions of eqns. (|3.14|) far say, B n , C n or D n however 
requires a bit more work. 

In order to demonstrate that the V^ 1 ' 1 ' algebra is in fact the algebra of symmetries of the 
G^'^-NA-Toda model (|2.18|) we need to know the transformations for the fields ip, x an d 
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4>i generated by the currents V ± , T and W p . We apply once more the Polyakov method J7], 
this time imposing all constraints (|3.16|) in the chiral /l n -gauge transformations of the WZW 
field g: 5gik = —gu(z, z)eik- We have already calculated the redundant gauge parameters. 
What is still missing is the reduced form of g^. Using the explicit solutions of the constraint 
equations (|3.18|) we find 

911 = e R ; <to = e*-**(l + >aK-*); g 2l = (h d y-*g 22] g l2 = (^5) l ~ 2 g 22 ,... 

9u = (^)^(e^); g a = (±8) l -*{e ! & R x),.-.,etc (3.47) 

We are now able to write the field transformations generated by V ± 

n+l i 

f>e±9u = -fl'ueii - 9xi e n\ S e ±g u = -r9u e ' ~ 9\2^22, 

1=2 fc 
1 n+l 

^±#22 = T92i£~ - #22622; S e ±g 2 i = -g%\e\\ - Y Qzi e iu (3.48) 
fc 1=2 

etc. All e's in ( |3.48|) are given by eqns. ( |3.30|) , ( |3.31|) and (|3.34|) and are indeed linear 
functions of e ± . The corresponding conformal transformations take the following simple 
form 

1 — Tl 

5 e ip = — - — if>de + edip, 5 e x — tdx, S e R = edR 

— 1 — Tl. — — — 

8-ij) = edi/j; 5zX = -^~xde + edx, S^R = edR 

= ^pWe&fe 6&= i y^de + ed<ln (3.49) 

I = 1, • • -n — l.The eqns. ( |3.49| ) show that if) and x are primary conformal fields of spin 
s = A — A and dimension d = A + A: (s^,d^) = (^p,^ 2 ) and (s x ,d x ) = (^ L ,^ L ). 
For the vertices we have (si,d[) = (0,1(1 — n)). The non-local field e R is spinless and 
dimensionless. 

One can further calculate the corresponding W p transformations of if), x an d <fii taking 
into account the explicit form of eqns. (|3.37| ), (|3.38| ), (p.l5| ) and ( p.l7|) of the e^'s in terms 
of rj p and V ± , T , W p . Consider, for example, W3 transformations ( rj 3 = 77) 

S v e R = ( n -l)d V de R -2 V [f- { -^^d 2 R+ { -^^(dR) 2 --d 2 }e R , 

2 2 2 

(n — 1) 1 (n 2 — 1) 

6 n ib = -± J -ipdr]dR+(n-2)dridip + -Ti[(n + l)T-(n-l)T-± J -d 2 R 

2n n 2 

_ l) (dR) 2 - (71 - l)dRd - nd 2 ]vp - (n ~ - 2) ipd 2 V 

6 vX = - i -^^x[(n-l)dr ] dR-2r ] (f-^d 2 R~^(dR) 2 ] + 

+ (n-^dv^ 1 +ipx)e~— R -ne-— R d(e^~- R + e~- R ipx) (3-50) 
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etc. , where f = T- EfJi 1 ^^ ~ |<9<Wi-i ~ §0&0&+i + d 2 ^} and T is given by 
Although the field equations of the A^-NA-Toda model 



K Th ZA 

d {-^)=-^ ' 9 ( V ^J = -^ (3 ' 51) 

are by construction invariant under all the V^ 1,1 - l -transformations, the proof of the invari- 
ance of the action (|2.18|) is rather complicated. There are however, few exceptions. The 
reparametrization (conformal) invariance of ( |2.18| ) is straightforward, due to the simple form 
of the conformal transformations ( p.49|) . We next verify the invariance of ( |2.18|) under non- 
local transformations ( |3.48j ), generated by V + (and V~), 

5 e-X = -T^r^^X fe(a-a')e-(a>)V + (a')da' 



2k 2n 

5 e -& = (3.52) 
Using the definition ( |3. 10[ ) of the nonlocal field R and the fact that en = en | e +=o : 

\dl xx = e~V + , Ben = 

(see eqn. (|3.31|) ) we find 

1 (n+1) 



Se-S^ = I d 2 zd{V+e-R) = 

A « 2ir 2n J 



Similarly for V -transformation we obtain 

1 (n + 1 



^5^D = — [ d 2 zd(V-e+R) = 

A n zn 2n J 



The remaining nonlocal transformations ( generated by V and V + ) are not as simple 
as ( p.52|) and the check of the invariance of Q2.18|) : Sz+S 1 *^ = Se-S 1 *^ = is more 



complicated. The explicit proof of the W p invariance of S is still lacking, except in the 
simplest case n = 3, i.e. the A 3 -NA-Toda model. 



4 SL(2, R) q Symmetries 

The appearence of nonlocal currents in the theory is always an indication of the existence 
of some underlying quantum group structure (see ref. [^TJ, ). We shall demonstrate 
that the charges of the chiral nonlocal currents Q + = JV + da and Q + = J o n ~ x V~do have 
nonvanishing PB's with the antichiral nonlocal charges Q~ = J V~da and Q + = J a n ~ 1 V + da 
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and together with the nonchiral U(l) charge Qo = J Joda (see eqn. (|3.2|)) they generate a 
q-deformed affine SL(2,R) PB's algebra. The PB's of the charges of chiral local currents 
(T, W p ) with the charges of the antichiral (T, W p ) do indeed vanish. The presence of 
the SL(2, R) q Poisson bracket algebra as Noether symmetry of the classical G^ 1,1 - ) -NA-Toda 
theory is one of the basic features of these models. 

We begin with the PB's algebra of V + (z) and V~(z). Using the explicit form of the 
conjugate momenta and Il x (derived from ( (|2.18| ), IT p = p = ip, x), we eliminate the 
time derivatives from ( 3.11|) and ( |3.10| ) 

v + = O x' + W - (? )n„e^A A 



2 y 2 v fe 7 ^ ; 

^ = (f ) (~V - - ( T )n x e fc ^A) * Ki . (4.1) 

For further convenience we have splited the nonlocal field R (defined by eqn. ( 3.1C ) in two 
parts 

2tt 1 
R=-—R Q + JC 11 lnA, R^ = -(^ - %n x ) 

By simple manipulations involving the canonical equal time PB's, 

{II^VK)} = -^-<t'), {n», *(</)} = -6(<t-<t'), {U^a),^')} = -S^a-a') 
(all other PB vanish) and their space derivatives we find 

2 A(<r) 

+ e -w,,. ( |W )H ,, (ff _ _^£^), (ff _ ff0] (4 . 2) 

Integrating (|4.2|) we get the PB's for the charges Q + and Q~ 

{Q+,Q-} = — r dad a e^ R+kl2(t ' 1 ~ lnA (4.3) 



2 

One can simplify the r.h.s. of ( |4.3|) taking into account the relation of the field in the 
exponent 

ip = R + JCuihzfa-lnA) (4.4) 
with the £7(1) current (|3.2|), namely 

k 

Jy. = TT^^if + fc 12^110l) 

Note that = — ^JCne^ u d u k 12 4>i is automatically conserved topologically current and its 
charge / I^da have vanishing PB's with either V + and V" - . This fact suggests the following 
redefinition of the U(l) charge 

/k 
I da = -— ((p(oo) - </?(-oo)) 

{H 1 ,Q+} = Q+, {H lt Q-} = -Q- (4.5) 
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and the nonlocal charges Q + and Q as well 

Ei = \^^^Q\ ft = J^-^-tQ- (4-6) 

V kit ( ? 2 _ iy 2 V kit ( ? 2 _ !)2 

where (?(g„) = e * 2Kl1 and k = —j-(p{oo) + <p(—oo)). As a consequence of the PB's of ip 
with and V~ , 

{<p{*), V + (a')} = \v+{a')e{o - a'); {<p(tr), ^>')} = {a')e{a - a') 

we realize that k has vanishing PB's with Q + and Q~ . 

The result of all this rearangements of the variables is that the algebra ( |4.3| ), ( |4.5|) takes 
the standard form of the g(G n )-deformed SL{2,R) algebra (for an arbitrary G n ): 

{Ei,F 1 }= q 1 ~ g 1 \ {H 1 ,E 1 } = E 1 , {H 1 ,F 1 } = -F 1 . (4.7) 
q-q 

We should mention that the U(l) charge Q (or Hi) appears as a topological charge for 
the lagrangean derived from ( j2.18|) by the familiar change of variables: 

V> = y / 2K^e^ fcl2< ^ e s/i(r), X = ^2K^e-^ kl2 ^ +e sh(r) 

The computation of the PB's algebra of the remaining nonlocal charges Q~ and Q + ( as 
well as the mixed PB's {Q ± , Q^) is rather difficult problem even in the few cases (n < 3 ) 
we know their explicit form. The complications arise from the fact that the currents and 
V{I} contain n th order time derivatives and their elimination by using the field equations (2.3) 
is a cumbersome task even for n = 3. The simplest case n = 1 is an exception. The currents 
and given by fl3.12| ) and and have a very similar form. The calculation of 
the PB's of the corresponding charges Q + ,Q~ is straightforward and yields 

{E , F } = _! , 9 = Q(A 1 ) = e~ (4.8) 



where 



- Q 2 - / 2 q 2 - , 
Eo = \ 1 ~Q ' ^0 = \ -j -Q , H Q = —Hi 

'-(l_ g 2) 5 V fc7T(l_ ? 2) 3 




m 



The two remaining PB's vanish, i.e. {Q ± , Q ± } = 0. One can write the PB's (|4.7| and 
the following compact form 

{H h Ej} = KijEj {H h Fj} = -KijFj, i,j = 0, 1 

{E l ,F J } = 5 l3 q llf H 1 \ ^={\ "M (4.9) 
in q n \ J 



which is known to be the centerless affine SL(2, R) q algebra in the principal gradation 
(the Serre relations are omited). The question in order is whether the algebra (|4.8|) ( and 
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therefore the larger SL(2,R) q (fO|)) takes place for all G^^-NA- Toda models. Starting 
from the explicit form of the currents VZ. and V£\ (see eqn. ( |3.13|) ) and eliminating the 2 nd 

time derivative we verify that this is indeed the case for Ar/'^-NA-Toda theory. This leads 
us to the following conjecture: the affine SL(2, R) q PB algebra ( \j-9j ) appears to be an algebra 
of (Noether ) symmetries of the classical G^-' 1 ' -NA-Toda models. 

At this stage one might wonder about the relation of the SL(2, R) q(G ) PB's algebra with 
the Poisson-Lie group G n (r) (familiar from the G n -WZW and abelian Toda models || [15|). 
One expect it to take place as a symmetry of the Poisson structure of G^'^-NA-Toda theories 
as well. It is well known that the symplectic form of the G n -WZW model is invariant with 
respect to (a) Loop group G n generated by G n current algebra and (b) The Poisson- Lie 
group G n (r) of the monodromy matrices M e G n satisfying apart from the (^-multiplication 
laws, the Sklyanin PB's algebra 



{M(a) f M(a')\ = ~[r, M(a) ® M(a')} (4.10) 

k 

as well. The G n - albelian Toda theory realized as H = Ml ® A/^-reduced G n -WZW model 
manifests similar properties. Its symplectic structure is invariant under the action of G n (r) 
and WG n - algebras |T3|, |T5|], JOI. As we have shown in Sect 3. the Poisson structure of 



the Cr^'^-NA-Toda (generated by the Hamiltonian derived from ( 2.18|) ) is invariant under 
the nonlocal algebra VG^' 1 ^ and with respect to SL(2, R) q(Gn) as well. In order to find 
the Poisson-Lie group of the G^'^-NA-Toda models we have to construct the monodromy 
matrix, to calculate the corresponding classical r-matrix and to verify that eqn. ( 4.10| ) holds. 
As usual the monodromy matrix is defined as a solution of the linear problem 

(d-A)M(a,t) = (B-A)M(a,t) = 0, A X = -(A-A) (4.11) 

with A and A given by eqn. ( |2.2| ). The solution of ( |4.11| ) normalized by the condition 
M(— oo,t ) = 1 can be written as the P-ordered exponential: 

M{a) = Pef-°° A * {a ' )da ' . (4.12) 

We next realize A x in terms of the fields ip,x,<Pi and their momenta I1^,II X ,II^ (derived 
from eq(|2~T8|)), 



2 1 n ~ ^ 

11 m,l=l 

i k n ~ 1 I" 

+ U^e-^E ai + — e-^(E ai+1 + E_ ai+1 )} 

Z7r i=i 

By straightforward calculation (similar to the abelian Toda case ), we derive the so called 
Fundamental Poisson Brackets I|l6|: 



{A x (a) f A x (a')} = -^[r, A x (a) ® I + I ® A x {a')]8{a - a') (4.13) 
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where r e G n ® G n denote one of the solutions 

r+ = 7(E ^ ® #<*i + 2 E ^ ® £?_„), r" = --(£ ^a, ® + 2 J] ® ^a) 

i «>0 j a>0 

of the classical Yang-Baxter equation 

[ri2, r 13 ] + [ri2, r 23 ] + [ri 3 , r 23 ] = 

Finally the Sklyanin relation Q4.10| ) is a simple consequence of (|4.12|) and (|4.13|) . The con- 
clusion is that the Poisson-Lie group G(r) n generated by the monodromy matrices ( |4.12[ ) 
of the G^-^-NA-Toda model coincides with the one that appears in the G n -WZW and the 
G„-abelian Toda models. With the monodromy matrix at hand one can further define the 
group of (nonlocal ) dressing transformations preserving the form of the Lax connection 
( p. 2D and mapping one solution of the G n -NA-Toda (with charge Qo) into another (of charge 
Q'o Qo) ( see 123 f° r the abelian Toda case ). The nonlocal transformations ( |3.42| ), ( p.52| ) 
generated by currents V + ,V~ (and V + ,V~) share many of the properties of the dressing 
transformations. They leave invariant G n - NA-Toda equations fl2.3| ), preserve the form ( |2.2j ) 
of A and A and transform solutions with Qo into solutions of charge Qo ± 1. This is a hint 
that the SL(2, R) q PB's algebra of the nonlocal (Noether ) charges Q , Q , Qo might appear 
as a subalgebra of the dressing Poisson algebra. However we have no proof of such statement. 
It requires the explicit construction of the dressing PB'S algebra for the G^'^-NA-Toda 
theory. 

In our derivation of the SL(2, R) q algebra we left unanswered the important question 
whether the equations ( ]^.3j ) admit solutions such that <£>(oo,t ) ^ <p(— oo,to), i.e. Hi ^ 0. 
In the next section we construct the general (exact ) solutions of eqns. ( p.3|) and study their 
asymptotics. 



5 General Solutions 

The solutions of eqn. (|2.3p can be found by direct application of the Leznov-Saveliev method 



[ 31 1 . As it is well known their explicit form contains multiple integrals and is not appropriate 



for the analysis of the asymptotics of a specific combination of these solutions such as ip 



defined by eqn. (O). For this purpose we need the NA-Toda analog of the Gervais-Bilal's 
solution [|(J for the abelian Toda equations. It turns out that the NA-Toda fields i/;,x,<i>i,i = 
1, • • • , n— 1 can be realized in terms of the corresponding abelian Toda fields, if a, A = 1, ■ ■ ■ , n 
together with the chiral currents V + (z) and V~(z) considered as independent variables. The 
exact statement is as follows: Let ip,x,4>i,i = 1, • • ■ , n — 1 satisfy eqn ( |2.3j ), R is defined by 
eqn (|3.10| ) and V + (z) and V~{z) are given by (|3.11 ). Then the fields 



o3 ofl - 

^ = i „ 1 + /C M _ 1 ^ii?-/C M ^/n\/ + K-,0o = O, z = l,..-n (5.1) 

with «q = 2 and ACx.q — 1> satisfy the G n abelian Toda equations 

ddipi = (h 2 e- k ^ (5.2) 
k 
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The proof is based on the following suggestive form of the first eqn. (2~^) 



dd(f>i = (-)V^ 

rC 



2, 
k' 



2 1C U ( — if 



2 



1—R+lnV+V- 
11 



of the eqn ( |3.11D for the nonlocal field R : 



QQ R = ^2 e -k 12 ^^R+lnV+V- 

and on the following algebraic identities for the algebras A n ,B n , C n and D n , 

1 ~ a] 

-p — = ku + /Cn/Ci2, = £li> 

/Ln 2 



o. 



■ n 



Finally we observe that as a consequence of ( |3.10| ) and ( |3.11| ) the fields ip and \ can be 
realized in terms of R, V + (z) and V~(z) only: 



k 



k 



OR 



(5.3) 



The conclusion is that eqns. ( |5.1|) and ( |5.2|) allows us to write the solutions of (|2.3|) in terms 
of the solutions of eqns. (157^ 



We next take the general solutions of the G n -abelian Toda eqns. (|5.2j ) in the form 



proposed by Gervais and Bilal |20 
k 



l P i P i ■ ■ ■ g- fc i-l,!V! 



(5.4) 



I — 2, • • ■ n; i s — 1, • • • , n + 1, where i*i lt j 2j -*j are rank I antisymmetric tensors ( for example, 
F{ lt i 2 = F^Fl — F/ FjJ. The (n + l)-chiral functions Fj (F) are not independent. The 
condition they have to satisfy comes from the last equation (i = n) of the system (|5.2|) . For 
the A n case it has the following form: 



Fi lj ...i n _ 1 Fj 1) ...j n _ 1 — {F il) ... in F ii ^__ in )(Fj lt .,.j n Fj l! 



(^i 1 ,---i n ,Fi 1: ---i n )(Fj 1: ...j n Fj i ...j n ) 



which turns out to be equivalent to the Wronskian condition 



e . p- F { ' ] ■ ■ ■ F {n) =e F F W • • • F (n) -1 



*n+l 



(5.5) 



The correspondent requirement for B n is 

^\Fii,--4n-\Fix,--4 n -l)\Fjx,-'-j n Fj Xj ...j n j 



(Fi l! .~i„Fi 1> ...i n )(Fj lj ...j n Fj lj ...j ri 
(^'ii,-i n ^ 1 ii,-in)(Fji,-j n Fj lr .j r 



(5.6) 



This way one can write the solutions of the Cr^'^-NA Toda theory (f)i,ip,x in terms of the 
n + 1-dependent functions F», (F) and the chiral currents V + ,V~. It is convenient to 
introduce a new set of n + 1 independent functions /j(-z) and /i(z) 

/* = (V+f^Fi, ft = (V-f^F, fij = (V + ) 2IC "F IV /y = OO 2 ^, etc. (5.7) 
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This change of variables is based on the following observation: let us shift the Toda fields (fi 
as follows 

(Pi = <pi + lK xl lnV + V- 

where I — 1, 2, • • • , n for the A n case and I — 1, • • • n — 1 for B n . The last field <p' n in £> n is 
given by 

Ti — 

<fn = fn + -K,ulnV + V~ 

(/Cn = 1 for B n ). Then the first n — 1 of the new fields ip'p (j = 1, ■ ■ ■ n — 1) satisfy the same 
abelian Toda eqns. ( |5.2| ), while the last one becomes 

ddif' n = (V + V-) n e- 2 ^ + <-i,for A n 

The general solutions are given again by eqn (|5.4|) ( but now with fi, fi, etc ). The fact that 
the last equation of the system ( |5.2| )has been modified leads to the evident changes in eqns. 
(p|) and (U) 

) = e ii, —,i n +l fix '■■ fi n+ i > ) = e ii,---,in+ifh ' ' ' fi n+1 (5-8) 

for A„ and 

2(T^ V ){fii,---i n fii,--i n ) = { e ii,--,i n+ ifii'''fi n+1 ){ e ji,---,j„+ifji'''fj n+1 ) (5-9) 

for 

Substituting ( fT^f) in (|5.1| ) and ( |5.3|) we obtain the general solutions of eqns. (|2.3|) in the 
following formF] 

e R = {\y n fik e~ k ^ = (^-^J^fJA^iV+V-)- 1 , 

i> = (^(m^ifMv+r 1 , x = (^(f i fi)^'\m(v')- 1 , etc. (5.10) 

We are now able to write the explicit solution for the field ip given in eqn. (fO|) 

f = -£u Ml^) (fjyy+v- * = ~ ICulnG ( 5 - n ) 

whose asymptotics are under investigation. The scaling properties of the function G suggest 
to look for a class of solutions such that V + (z)V~ (z) = A(t) i.e. its fixed time limit for 
a — > ±00 are constants, A + = A_ = A(t = 0). This leads to the following ansatz: 

f t = ai e a ^\ f t = a ie a ^ (5.12) 

3 We are sistematicaly omiting the explicit solutions for (f>i, i = 2, • • • n — 1 which contains rank i — 1 
antisymmetric tensors since we do not need them in the calculations of the asymptotics of tp. 
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Taking into account the explicit form ( |5.8| ),( |5~T2] ) of V + V we conclude that the requirement 
V + (z)V-(z) = A{t) is satisfied only if 

n+l 

Y^ifli ~ «i) = f or A n (5.13) 

i=l 

and 

ai = a,i ,i = 1,2, ■ ■ -,n + 1 for B n (5.14) 
For the A n case it is convenient to parametrize the solutions of ( |5.13| ) as follows 

ai — di = bi + b 2 + ■ ■ ■ + b n , a; — d\ = — Z = 2, 3, ■ • • n + 1 

and for simplicity we specify b n > 6 n _i > • • • > b\ > 0. Then taking the limits a — > ±oo at 
t = in eqn. ( |5.11| ) we find 

lk lk 
(f(oo,0) = -fc 11 ln(——a 1 a 1 A(-)), f(-oo, 0) = -/CnZn(— — a n+ ia n+ iA(-)) 

Since a\di ^ a n+ xd n+ i, therefore (p(oo,0) ^ <p{— oo, 0), (i.e. i?i 7^ 0) for the class of solu- 
tions ( |5.12j) , ([5.13| ) of A^* 1 '' -model we have chosen. This makes complete our statement that 
SL(2, R) q PB algebra appears as a symmetry of the A^'^-NA Toda models. 

The condition ( |5.14| ) for _B n -case gives (p(oo, 0) = ^(—00, 0) and therefore Hi — for the 



class of solutions ( |5.12|) . Whether there exist -B^ 1 ' 1 - ) -solutions such that Hi 7^ is still an 
open question. 

6 W^+i-structures in NA-Toda models 



The way we have constructed the solutions of the G^'^-NA-Toda models, address the 
question about the origin of the relation between the abelian and NA-Toda theories. As we 
have mentioned in the introduction, the explanation of this phenomena can be found by 
realizing both as gauged G n j H-WZW models, (iV + \ G n /N~) and H + \ G n /H~ and looking 
for G n -gauge transformation h = h(V + ) ® h(V~) G G n (g)G n mapping H NA in H A . This 
transformation can be considered as a map between the constraints, gauge fixing conditions 
and the remaining currents of NA-Toda ( |1 . 1 1| ) into the corresponding ones of the abelian 
Toda (|1.12j ). Therefore, it should satisfy the eqns. ( |1.13j ): 



- 4?H jk + H^r = \dH %k , J^H jk - H %3 jf = k -BH lk , (6.1) 

where H ik = (h^ 1 )^, H ik = (h~ l )i k and, for simplicity, we are considering the A n -case only 
(in the convenient Weyl basis -see eqns. ( |3.16|) , (|3.17|) ). 



In order to derive the solutions of eqn. ( |6.1| ), we apply once more the method we have 
used in Sect. 3. Due to the specific forms of j£j and Jfj A , the eqn.(|6T|) for i > k (i,k = 
1, 2, n + 1) imply that 

H ik = 0, i > k (6.2) 
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i.e., H = h 1 is an upper triangular matrix. For the diagonal elements Ha we find 

H„ = H n (V + )- 1 , s = 2,3,...,n + l 



Imposing the condition detH = 1: 



n+l 

II Ha = 1 



we have used (|6.2|) in deriving (|6.4|)), we find that 



TT — * 



H 11 = e— *, $ = ln^ H 



and (p.4j). We next analize the equat 



s = 2, 3, n + 1, is the solution of eqns. 
the elements of the first row H\k. 

H lk = ^dH ltk _ u k = 3, 4,.. .,n+l H l2 V + = k -dH xx 
The solutions of these recursive relations is given by 

s-l 



H u = -n f -0) e 



s = 2, 3, n + 1 



The elements i/^+i satisfy more complicated recursive relations: 

#U+i = #z-i,i + 7^if„, Z = 2, 3, n, if 12 = ^<9F n = -n fe^j # 22 , 
which can be solved by taking 



F M+1 = £# ss = (Z-l-n)-<9 



e "+ 1 



/ = 2, 3, • • ■ , n. 



Similarly, for generic H^i +m , we find 
k 1 

HlJL+m = ^ = 1,2, - m + 1, TO = 1,2, ...,7l- 1 

^ s=l 



Taking into account ( |6.7|) and ( 3.24j) , we obtain the solution of ( |6.8|) , in the form: 

I +771 - 2 ' 



Ll+m 



I + m — 1 
m 



(n + l 



m — 1 



The remaining part of the eqns. (|6.1|) : 



fc Y i 

2 / 



k 



W n _i +2 H n+lin+1 + fln,n+l - ^^Wn.,^ — —-dHl jTl+ i 
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provides the explicit realization of the conserved currents of the abelian Toda theory W^ A ] +2 , 

in terms of the ones of the NA-Toda W^lf^ an d V ± . By means of ( |6.5| ) and (|6.9|), we can 
write (|6.10| ) in the following compact form: 



n+l 



W A +1 = V + V~ + ne—* I -d 



s=2 



'k. 



s-1 



e "+ 1 , 



tNA 



W*_ l+2 = W n _ l+2 



n-l+2 



s-l 



-a 



3_$ 

e "+ 1 , 



e "+ 1 



(6.11) 



for / = 2, 3, n, where the coefficients Ti m are given by 



Lm 



I + m — 1 

771 



-fn + r 



l + m-2 
m — 1 



Let us give two explicit examples of the relations (|6.11|) : 

1 



' k\ 2 n 



T (A) = T (NA)_I?_\ » ^2 $ ___ (a$) l 



(.4) 



+ ^ $ + ( 3 n - 4)e^r* fe^ 



3-$ 

e »+i . 



(for n = 2,W^ A = V + V ). Comparing the form of the eqns. (|6.1| ) for the chiral Hj k (z) 
with the one for the antichiral H ik (z), we conclude that 



H ik = H kt (d -> <9,$ = mV+ -> $ = ZnV-). 

The corresponding relations between the antichiral currents W 7 ^ 1 and Wp , V ± have the 
same form as ( |6.11| ), with d — > d and $ — > $. 

Our initial motivation of studying the solutions of eqns. (|6.1| ) was to find an explanation 
of the change of variables fl5.1| ), fl5.2| ), that transforms part of the NA-Toda into the abelian 
Toda equations. Denoting by g^ k A the A„-WZW field g ik € A n , constrained by eqns. ( 3.16|) , 
and by gfy, the reduced form of gn- by the abelian Toda constraints ( |1.12| ), we realize that 



g NA = Hg A H. 



(6.12) 



The explicit form of g^ k A is given by eqns. ( 3.47 ), while g^ are known to be (see Sect. 2 of 
ref. H) 







9ii = 





922 
l-l 



2 ^ i/v 2 
Z-i 



<7*l 



etc. 



(6.13) 
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More generally (f>f = ln.Dj, where Di are certain sub determinants fo the matrix g A 



Hk LEI- 

With the explicit form of H and H at hand, we verify that ( |6.12|) indeed reproduces eqns. 



The most important consequence of the H and if-transformations (|6.1|) is the explicit 
realization ( |6.11D of the abelian Toda conserved currents W A (p — 2, 3, n + 1) in terms of 



the NA-Toda currents V^, W^ A (p = 2, 3, n). As it is well known, the W^'s generate the 
PVn+i-algebra p0[| . On the other hand, we have shown in Sect. 3 that V ± and are the 

generators of the non-local (non-Lie) algebra V^l , which is the algebra of the symmetries 



of the A n -NA Toda theory. The eqns. ( |6.11| ) suggest that the W n+ \-algebra JftOfl lies in the 
universal enveloping of the V^+i ] -algebra, i.e., the W n+ i-generators are specific combinations 
of certain products of the V^j_'^-generators. Using the V^L'i -PB's only, we verify that for 
n — 1,2, 3 the W^+i-generators, constructed by the Ki+i-generators, according to the rule 
( |6.11| ), indeed satisfy the standard PVn+i-PB's relations. The shortest way to prove this for 
arbitrary n is to derive the jy n+ i-infinitesimal transformations S Vp W^\ +2 from the V n+ \- 
transformations 5 e ±W^ NA \ 5 e ±V ± , d^W^^i ^e±-Hjfe etc, solving explicitly the eqn. (|6.10| ), 



written this time for the infinitesimal transformations. It is not difficult to verify that 

6 £ -W(\ 2 = 0, i.e. {V + ,W!& ¥2 } = 0, 

and that 5 e +W^ +2 = 5 v (a)W^i +2 . However, the complete proof is still missing. 

One might wonder whether these W^^-transformations that appear in the NA-Toda 
theories are in fact symmetries, i. e., whether the action (|2.18| ) is invariant under the W n+ i- 



transformations of the NA-Toda fields ip, x, It is indeed the case, but again our proof is 
restricted to the particular cases n = 1,2,3. 

7 G^-NA-Toda Models 

The G^'^-NA-Toda models are straightforward generalization of the G^'^-NA-Toda ones 
(j2.3p, ( |2.18| ). They are defined as the Hamiltonian reduction of the G„-WZW model by the 
constraints 

J- ai = Jai = l, i = l,---n i^j 
J -[ a ] = J [ a ] =0, a non simple root 

Jx r H = Jx r H = U (7.1) 



i.e. the current J- aj {Jaj), {j is arbitrary fixed ) is now left unconstrained. Similarly to 
the j = 1 case the G^' 1 ^ models can be realized as gauged G n j ifw-WZW models. The 

subgroups Hjfp with = <g> Hq^ and = N_ ® are introduced by means 
of the grading operator Qj = YX^j ^k • H. The nilpotent subgroup are generated by 
Qj-positive (negative) step operators (i.e. all except E± aj since [Qj,E± a ] = 0). The U(l)- 

subgroup Hq is generated by . This Qj-gradation of G n reflects the algebraic structure 
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of the constraints ( |7. 1| ) and suggests the following "nonabelian Gauss decomposition" for each 
g G G n ( valid for the connected part of G n ): 

g = g-g f g + , g±eH%\ g f e tf /(i) 



g- = exp I X\a]E-l«] \ exp 



1 \j ■ H4>j 



= exp J 1 Aj g 0jlexp| X! V'H^H 



(/,', exp {x^-a, } exp I ^ — V - \ ex P {^E aj } (7.2) 



The action of the G n /H^-WZW model that describes the G^'^-NA-Toda theory is given 
again by eqn(2.10) where now, 

A j = hZ 1 dh_, A j = dh + h-\ h±{z,z)eH J ± 

A j = A + A„, A j = Ao + A_, A_<=Ni, A + eNi 
2 - 2 a? 

r^jjCtj lv 'jj a j i-Lj z 

Following the recipe developed in Sect 2, we integrate out the auxiliary gauge fields A> 
and A? in order to obtain the corresponding action for the G^'-NA Toda models 



2, 



\2 j sA 2 _ k w n {1) A/v^ 2 _ fc (2) (») 2 fe . . a) +k , (a) dxdij) s ,„ nS 
. ) 2 V — e fe «^6 - (_V \^ _ e + e *i,j-iPj-i+*j,j+iPi )(7.3) 

where pW = a; ( a = 1, • • • ,j - 1), p^ 2 ) = a , +j , (a' = 1, • • • , n - j) and 



I 7 (!) , ; (2) 

Aj = l + ^ xe ^-ip;-i+*«+ipi 

2/Co 



We have assumed for simplicity that deleting the j th vertex of the G n Dynkin diagram the 
resulting G' n _ 1 algebra is a direct product of two subalgebras G% and G2 of rank j — 1 and 
n — j respectively, i.e. G' n _ x = G\ ® G 2 - The exception arises when a specific vertex of 
D n ,E e ,E 7 or E 8 is deleted. In such cases, G' n _ x = G\ ® G2 <8> G3 and the generalization of 
rSI) is evident. 



As in the j = 1 case (see Sect. 3), the symmetries of the action (|7.3|) are generated by 
the n+ 1-chiral "remaining currents" W s ( a ), V (and W s ( a ), V ± ) and the global (nonchiral) 
U(l) current 

J J n = ^ d » x ~ xd ^ ~ ^d^k ji( f)i) (7.4) 

35 



Their conformal spin (dimension ) are given by the following j-analog of eqn. 
/ \ „ 2A,- ■ a ^ 2\ -a 1 

s(«) = i+^i- ^- + E-r — . x 5 = -irY, lc ji (7.5) 

Choosing a specific Drinfeld-Sokolov (DS) type gauge we find the remaining currents for the 
A^' 1 ^ case to be 

W 2 = J a „ W 3 = J a „+a„_i) ■ • ■ , W n -j+i — J an+ ... +aj+1 
W2 = J ai W3 = J ai+a2 , ■ • ■ , Wj = J otl +... +aj _ 1 

= J-ctj, Vj = J ai+ ... +an (7.6) 

where the index s(a) in W s and in W s denote their spin (Xj = for A n ). The nonlocal 

currents Vp are both of spin = For .B^'^-models we have Xj = and 

W2 = Ja n W± — J2a n +a n -u W 6 — J2a n +2a n - 1 +a n -2-> ' ' ' ) ^2(n-i+l) = J2a n +2a n -i+-+2a i+ i+a i 
W2 = J a\ Ws = Ja 1 +a 2 t ' ' ' i Wj = J ai -\ hdj-i 

Vj + — J-ctj, Vj = Jai+-+a n (7-7) 

The spin of Vj is now sf = n — ~(j — 1). 

The structure of the constraints ( |7.1| ) allows to choose one of the nonlocal currents to be 
Vj + = J-ctj, (ty = J aj ) which have the explicit form (c.f. eqn. ( |3.11| ) for j = 1) 

Applying the method we have used in Sect 3. in the derivation of the V^ 1,1 ) -algebra 
one can find the algebra of the symmetries V^ ,l >( V^' 1 ') of the A^'^-NA-Toda model. The 
corresponding recursive (differential ) relations and their solutions are quite similar to those 
of j = 1 obtained in Sect 3. We present here the explicit form of the simplest nontrivial 
example of such j / 1 type of algebra namely, vj 2 ' 1 -algebra. According to eqn. ( |7.6|) it 
consist of four spin two currents V ± , T = W 2 + W 2 and V° = W 2 — W 2 satisfying, 

{T(cx), T(a')} = 2T(a')d a ,5{a - a') + 8{a - a')d a ,T{a') - Ac%,8{a - a') 
V a {a')} = 2V a (a')d a/ 5(a - a') + 5 (a - a')d a ,V a {cr'), a = 0, ± 

{V^a), V ± {a')} = \e{a - o^V* {<r)V± (a') , {V», V±(a')} = ±e(a - a')V°(a)V±(a') 

{V», V°(a')} = -~e(a - a')[V+ {a)V~ {a') + V~{o)V + {e')] 

+2T(a')d al 5(a - a') + 5{a - a')d a >T{a') - 4d 3 a ,5{a - a') 
{V-(a), V+(a>)} = -\e{a - a')[V\a)V\a') + V~(a)V + (a')] 

+T(a')d a ,5((7 - a') + U{a - a')d a ,T{a') - 2$,8{o - a') (7.9) 
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("2 1) 

(k is fixed to 2 in eqn. ( |3.14|) ). It turns out that V4 ' has the same structure as the V^- 

algebra of ref. |36| (see eqn. (2.37) of ref. J36|). In our case the V4 algebra (|7.9| ) appears 

(2 1) 

as the algebra of symmetries of the A 3 ' -NA-Toda model 

= a A3 A + SBSB - - t* + +ff * 

(3) 2 1 + ±e A+i ^x 

1 (<9(A + gKxgV; - jgx) ~ gCj + B)( x BxP - gx)) 

The >C/g^ differs from the one derived from (|7.3| ) by an appropriate total derivative term 
similar to the one introduced in the j = 1 action ( |2.18| ). 

As one might expect the charges Q~u\, Qu)i °^ ^ ne nontrivial nonlocal currents 
have nonvanishing PB's and together with the U(l) charge, Qo = J close SL(2, R) q 

PB's algebra (g^) = e fc 2K ^ ). The calculation is identical to the case j = 1 case considered 
in Sect 4. The final result is 



— h'TT POO 1 (j) 

{QJ-), Q 0) } = yj M da&e*"* , <p® = R® + KIJI^O; - InAj) (7.11) 

The derivation of the PB's of the remaining nonlocal charges {Qu\, Q^j)} is an open problem. 
It is important to note that as in the j = I case we have used the C$ modified by a specific 
total derivative term in the calculation of the conjugate momenta IT^ iX Pi . 

We next consider the problem of mapping the G^'^-models into the G n abelian Toda 
models. Our starting point is again the observation that there exists a transformation of 
variables 

2 —l 

<Pt = pf ] 2( k j^ia ] )Rj - KijlnVfVf , i = l,---,j -1 



<p j+l = pP-^kj^ > i -/C, +i >y+^- ) Z = l,..-n-j (7.12) 



which transforms part of the equations of motion of (|7.3j ) into the abelian G n Toda equations 
fl5.2| ) for the new fields (pi, (I — 1, • • -n), where the identity 

1 _ ^ 2k j a \4 2kj : j +a ( 2 )-i 

/ Vw i=l "j 6=1 "j 

was verified for A n , _B n , C n and D n . The nonlocal field ii, satisfy now 



Bd Rj = *^e** 
' A] 



For example in the A^ 2,1 '* case ( [7.10Q we have 
^1 = l -R {2 ) + A- hnV + V~, <p 2 = R (2) - lnV + V~ ^ = ~i? (2) + B - ^InV+V' 
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Following the same line of argument presented in Sect. 6, we seek a G n gauge transfor- 
mation mapping the constraints ( |7.1|) and the remaining currents ( |7.6| ) into the constraints 
and remaining currents ( |1.12| ) leading to the abelian Toda theory: 

HJ^ = J§ A) H-^dH (7.13) 

For the A n case, and Jy\ A ^ have the following matrix form: 

(J {A) ) tl = ^-i + W.+i, Wi = 



(J«) A) ^ = (^) i,),,j+1 ^i + VE^t + Wi*i,i^ 



s=2 

n 

+ Y, Wn- P +25 p ,lS i!n+1 (7.14) 
p=j+l 

Substituting ( |7. 14[ ) in ( |7.13| ) and requiring det H = 1 and H^i = 0, i < I we obtain: 

Ha = 

We next consider the equations for x : 



n— j+l 



(V r -)^+r ) z = j + 1, • • -n + 1 



p=2 1 



Their solutions are given by 



0- )" /A-:. i = -E(^)'(^_^ 11 ) + (|9)^n, i = l,-j 
i=o z z 

H j+rA = i^dy- l H 3+1 ^ r = 2,---,n-j + l (7.15) 
The general solution of ( [7.131 ) can be written in terms of Hu as follows 



s-k+l 



(p + k- 2)! k 



(V-) 5 *H s+1)k = E s = k-l,...j 

H j+r , = g (fc _ p)| ^ fc _ 1}| (l^-*- 1 ^^ r = 2, • • • , n - * + 1, * = 1, ■ , n + 1 

Note that Hu = Hu(V~ , W p ) contrary to the j '• = 1 case are now functionals of the currents 
W p as well. This reflects a specific (mixed type ) of gauge ( |7.6| ) we have chosen. In the DS 
gauge where all W n ^ s+2 = J as +a B+1 -+a n , V~ = J ai +-+a n he on the last column ( all W s , V + 
on the last row) the corresponding Hu (Hu) indeed depend on V + (V~) only. The spins of 
W n _ s+2 in the DS gauge is n — s + 2 for s > j + 1 and — s for s < j. 
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The main advantage of this current dependent if -transformation is that it provides an 
explicit realization of the A n - NA-Toda currents (W^ s+2 ) in terms of the A^' 1 ^- NA-Toda 
currents W p , W p , V ± (see eqn. ( |6.11| ) for j = 1 case ) and vice-versa. For our A^' 1 ^ example 
( \TWi ) we have h u = (if -1 );; , H a = H u (d -> 8, V~, W 2 -> V+, W 2 ) [k is taken to be 2 in 

h u = h 22 = h^ = h- 4 l = e-^ lnV+ 

hi2 = 2^23 = dh u , h 34 = -dh 33 , h 13 = d 2 h u + W 2 h u 
h u = d 3 hu + h n dW 2 + 3W 2 dh n , h 24 = 3d 2 h u + W 2 h n 

The corresponding abelian Toda currents T A , W A , W A are expressed in terms of V ± 1 W 2 , 
W 2 as follows: 

T A = rpNA _ 2Q2 ln y+ + 1 ((91n F+) 2 ; T ATA = ^ + ^ 

W 3 = (W 2 - W 2 ) ln V + + 2dW 2 - 2d 3 ln V + + (d 2 ln V + )d(\n V + ) 

W 4 = V + V- - W 2 W 2 + l(W 2 - W 2 )d 2 (\nV + ) + ~(W 2 + W 2 )(lnV + ) 2 + <9 2 ^ 2 - i<9 4 ln - 

-(aW r 2 )(91nV + ) - -(<91n^+) 4 - ~(d 2 lnV + ) 2 + -(d 2 ln V+)(d ln V+) 2 (7.16) 
8 4 2 

One can verify by direct calculation that if V ± , W 2 , W 2 satisfy the v} 2 ' 1 ^ algebra (|7.9|) , 
then T A , W A and W4 given by eqns. ( [7.16Q indeed close the (classical ) W4 algebra |T^] . 
Therefore the A^'^-NA-Toda model has together with the V} 2 ' 1 ^ algebra, also the W A as its 
algebra of symmetries. 

We now address the question about the relation between A^ 1 ' 1 ^ and the A^'^-NA-Toda 
models ( 3 \ 7^ j 2 ). In terms of transformations H(ji) and H(j 2 ) mapping them into the 
A n abelian Toda theory we compose the new transformation H(ji,j 2 ) = H(ji)H~ l (j 2 ). By 
construction H(ji,j 2 ) transforms the constraints and remaining currents of the A^ lA nnto 
the corresponding ones of the A^ 2 ' 1 ^ model: 



jf A = H-\j x ,j 2 )jf A H{j x ,j 2 ) + ^H-\ 3u32 )dH{ 3l , 32 ) (7.17) 



As a byproduct H(ji,j 2 ) realizes a map of V^+^-algebra into V?f+i^ and vice- versa. The 
simplest example is given by n = 3, 3 \ = 2, 3 \ = 1 i.e. the transformation of the A 3 ' into 
the A^-NA-Toda model (if (2, 1) = H) 

H u = H 33 = H u =(V + )H 22 = e l * lnV+ , H 12 = -\dH 22 = ~H, 



__9Q 

3 2 



if 13 = dH\ 2 + H 22 W 2 , ff 2 4 = —dH\ 2 + H 22 W 2 
H u = d 3 H 12 -^(W 2 H 22 )dlnV + + (dW 2 )H 22 



39 



(we have chosen = V^). The current transformations take the form: 

T« = T< 2 > --d 2 lnV + + -{dlnV + f, T^ = W 2 + W 2 
2 8 

W^ l) = 2dW 2 + hdlnV + ) (W 2 -3W 2 )- \ (d 2 lnV + )dlnV + + ^-{dlnV + f (7.18) 
2 4 16 

and VjTs has a rather complicated form in terms of V^, V + , W 2 and W 2 . 

The models A^ 1 ' 1 ^ and A^ 2 ' 1 ^ have identical field contents but their lagrangeans represent 
different interactions between the neutral fields pft and p£ , (compare for example A3 and 
A^' 1 ^ models). The transformation H(ji,j 2 ) changes the (ji)-constraints into the (j 2 ) ones 
and according to the hamiltonian reduction procedure it maps the field equations of A^ 1 ' 1 ' to 
those of A^ 2,1 \ If we denote by gu(ji) and gu(j 2 ) the constrained WZW matrix field gu E A n 
( i.e. gu(j Q ) depending on the fields ipj a ,Xj a > an d P a {ja) on ly ) then H(ji,j 2 ) induces the 
following field transformations: 

0! = ~A + ^R (2) - hnV + V~, <\> 2 = B - l -A + ±R {2) - hnV + V. 
R(i) = A + ^R {2) + UnV + V- 

(7.19) 

(R(x) and R(2) are nonlocal in terms of ip,x and A, B respectively). The remaining ip,x 
transformations are quite implicit. Although the A^ 1 ' 1 ' and A^'^-NA-Toda models rep- 
resent different interactions and have different algebras of symmetry (but equal number of 
generators ) the arguments presented above indicate that they are classically equivalent 
models. The proof of such statement requires however further investigations. 



8 Weyl Group Families of -Mo dels 

This section is devoted to the problem of the relation between the NA-Toda models that 
have identical algebras of symmetries. Our starting point is the following fact: The V3 - 
algebra ( |3.42|) , (|3.43|) and (|3.44|) , {n = 2,s = |) appears as the symmetry algebra of the 



A^'^-NA-Toda model (|2.18|) , (n = 2) as well as of the reduced Bershadsky-Polyakov (BP) 

(2) 

A 2 -model [|7J, PBJ. The latter is defined by the set of constraints imposed on the A 2 -WZW 



currents, 

J(\ 1 -x 2 yH = J{\!-\2)-h = (8.2) 
It differs from the standard BP model by the additional constraint ( |S.2| ). This new 
constraints is responsible for the reduction of the W 3 -algebra (symmetry of the BP model 
defined by ( |3.1|) ) to the nonlocal algebra V3 = V3 ^. Following the methods of Sect. 2 we 

(2) 

first derive the lagrangean of the reduced A 2 -BP-model: 



C 



m --4^^ v T?&k a -^ {l + ^ V)] (8 - 3) 
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The algebra of symmetries V^ 1 of ( p.3|) obtained by direct application of the recipe described 
in Sect. 3 turns out to be identical to V$ . The lagrangean of the A^'^-NA-Toda model 
possess however quite a different form, 

k 



-{am+e-* 

2tt 1 Y Y 1 + \e~Hx 



— e 



-20 



} 



U) 



We shall prove that the models (|8.3| ) and (|8.4j) are (classically ) equivalent since their La- 
grangeans are related by the following change of field variables, 



(j) = <p-- ln(l + e^oXo) 



•5) 



i.e. £3 = £3 + total derivative. This can be verified by direct calculation. Our derivation 
of transformation 
are the image of 



is based on the following observation: The constraints (J8.1|) and (|8.2|) 



Jl = 1, /_ 



Ql+«2 



0. 



J -\i-H — J -\!-H 







together with the gauge fixing condition J' = J'_ = (defining the model 
the action of a particular A 2 - Weyl reflection 



(8.6) 
)) under 



uj ai (a) — q;i — (a ■ «i)a, 



1 



In fact uj ai maps all the algebraic (Hamiltonian reduction ) data of the model ( |3.3|) , con- 
straints, gauge fixing condition and remaining currents into those of model (|8.4|) : J' = 
oj ai (J). The change of variables (|8.5| ) is a consequence of the relation between the reduced 
A 2 -WZW matrix fields g%} and gfa 1 . 



0(3) =w« 1 (^3) i; ) 



1.7) 



The explicit form of ffoj in terms of fields r/>, x, and 9? is given by eqn. ( 3.47 ). Solving the 
constraints ( |8.1| ) and ( |8.2| ) we find the matrix elements of g^y. 



,(2) 



12 



We next write eqns. (8/7) in a matrix form 



where (ui ai ] 




,(1,1) 



a iJmk ' 



• etc 



z, 



1,2,3 
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As a solution of (|8.8|) , (i.e. ip, x, (ft in terms of ip , Xo> V 9 ) we find the change of variables 
3|) as well as the relation between the nonlocal fields R and i?o : 

i? = i?o + ln(l + e^oXo)- 

The generalization of such results for a generic A^' 1 ' -mo del ( |2.1£| ) is straightforward. 
Reflecting the A^ 1 ' constraints ( |2.4| ) by u ai we find the set of constraints that define the 
new model u ai (Aj 1 ' 1 ^): 

J- ai = J ai = 0, i = 3, 4, • • • , n; J_[ a ] = Jj a ] = 0, [a] all other roots 

J- ai ~a 2 — Ja x +a 2 = 1) J(X L -X 2 )-H = J(\i~\ 2 )-H = (8.9) 

It is important to note the reflection u ai keeps unchanged the gradation operator, 

Q(i) = YTi=2 \ ' H and the nilpotent subgroups C H^, oo ai (Q^)) = Q(i), u ai (N^) = 

iV^ but it does change Hq and e± 

o/l \ n 

Uai(Ho ) = exp (— ^[(A 2 - Ai) • #]</?i) , = ^±K+a 2 ) +X)- B ±«< 



\2/Cn xx vr^j > ^qiV c (i). 

With all this data we derive the Lagrangean for the w ai (A^ 1 ' 1 )) model: 

4!^ = + ^ 1 + ^°^ oeyi - - (1 + e^oXo)e-^-} (8.10) 

The change of variables that follows from the v4 n -analog of eqn. ( |8.8|) is now given by 

(pi = <pi - /C H ln(l + e^ipoXo), = 

n 

V = Xoe^l + e^VoXo)"^ 11 , X = ^(1 + e^VoXo)"^ 11 (8.11) 

Substituting eqn. ( |8.11|) in ( |2.18| ) we find (|8.10|) modulo total derivative. The following 
identity 



1 + 



(Oxd^p - dipdx + -(xd^P - 4>dx)dip - -(xdip - ^dx)dipj = 
= ^ln(l + e^x)9hi^J -^5 fln(l + e^x)dm^J 

is crucial in the proof of the above statement. The conclusion is that the pair of NA-Toda 
models A^' 1 ^ and oj ai (A^'^) sharing the same algebra of symmetries V^+i are classically 
equivalent. The same is true for the pair of generic AfrM and ^.(A^'^-models. The 
simplest example of such doublet is given by the Af L > and the w Ql (v4^' i; )-NA-Toda models. 
Their lagrangeans are given by: 

4 2 >D = — —(dAdA + 8BBB - e 2A - e 2B + e A+B ^ , ) (8.12) 
J 2vr l + e A+B tpx 
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and 



Cf£l = -^{dAdA + dBdB-e 2A -e™-(l + e-^ oXo )(e 2A + e 2B ) 



+ e- A ~ \ ^ff, } (8-13) 



The change of variables that makes their equivalence evident has the form: 
A = ^ + Iln(l + e-^Vo X o), # = # + ~ ln(l + e~ A ~ B ip Xo) 



2 



Our observation that each pair of A^' 1 '- models, whose constraints are related by uj a . are 
equivalent, adresses the question about the family of models obtained from A^' 1 ' by trans- 
forming its constraints ( pM| ) (or ( |2.4| ), for j = 1) under the whole Weyl group S n+ i of A n . 

We first consider a subset of models IL^A^ 1,1 )) from the A n family, whose constraints are 
the images of ( |2.4| ) under the action of the following (composite ) reflections, 

Ilj = uJ^Ua^ ■ ■ -u ai , i = l,---,n 

In order to derive their lagrangeans we need the explicit form of Ui(H±) = IIj(iV±) (g) 

Ui(H^ ), Ilj((7g) and IL(e±' ) ) ( see Sect. 2). It is convenient to first calculate the cor- 
responding grading operator Ui(Q^)) = - E}= 2 (j ~ where = £™ =2 Aj ' H. 
Then the nilpotent subgroups IIj(iV±) are spanned by elements of grade ±1 with respect to 

n;(Q(i)) an d ^-i{go) is the subgroup of zero IT((2(i))-grade. The diagonal subgroup Ilj (H q 1 ^ ) 
has the form 

Ilrf ) = exp{-^(X 1 - ± ai ) ■ H} 

^11 ; =1 

Following the recipe of Sect. 2 we find that the lagrangeans of H^A^' 1 ^) models coincide 
with ( |8.10| ) for i < n and with A^' 1 ^ (see eqn ( |7.3| ) for j = n). Note that due to the Z 2 
symmetry of the A n Dynkin diagram 

U + (aj) = a n+ i-j, JCjj = K, n+ i-j >n+1 -j (8.14) 

the Aff' 1 -* and the A^ 1-1-1- - 7,1 ) models are identical. In particular C^' 1 ^ = £^ n,1 \ = 4> n -i) 
and therefore all the IL^A^'^-models are equivalent to the A^ ,l \ 

Another subfamily of the A^' 1 ' models is defined by transforming the constraints (|2.4j ) 
under the composite Weyl reflections 

ILT = U n+1 ^U-, U-(aj) = -a n+1 -j (8.15) 

(ITr is an element of the Weyl group, contrary to the II + from ( ^.14| )). Repeating once 
more the procedure, we have used in the construction of Wi{A^' x ') models, we realize that 
all the n~(y4^ i 1 ' 1 ' ) ) models are equivalent to the A)£ ,l > model (modulo PC-transformations: 
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Cip = X, C 2 = 1; Per = — er). Taking into account ( 3.141 ) the conclusion is that the family 
of A^' 1 ' models obtained by Ilj and ILf- Weyl reflections (i = 1, • • • n) of A^ 1,1 ) constraints 
( p.4| ) have as lagrangeans QS.lOp or ( |2. 18| ) . They are related by the change of variables ( |8.11| ). 
Hence all this family of models can be represented by the original A^' 1 ' model only. 

Note that this ( IT , ) family of equivalent models coincides with the complete Weyl 
group A^ 1 ' 1 ) family only for n = 2. Whether the other models generated by Weyl reflections 
different from Ilj and Il~ are also equivalent to A^' 1 ^ is still an open problem for generic 
n^2. 



9 What does the Quantum ^/-algebras look like 

The main obstacle for quantizing the NA-Toda models (|2.18|) ( and their algebra of symme- 
tries V££i ) is the additional PF-type constraint J\ x h = 0. As we have shown in Sect. 3 the 
latter is responsible for the nonlocal terms in the V^+i -algebra. This suggests the following 
strategy: First consider an intermediate "local" NA-Toda model defined by the set of con- 
straints ( T2.4j) but with the current J\ 1 h left unconstrained. Its Lagrangean as well as the PB 



symmetry algebra W^+i can be easely derived by the methods of Sect. 2 and 3. The W 7 ^^ 
is generated by n + 2 local currents: n + 1 of them G^\ W n -k+2, k = 2, 3, • • • , n have the 
same spins as the -currents and the last one is the chiral {/(l)-current J\ x h = J of spin 
one. An important difference with respect to the original NA-Toda model and its nonlocal 
V^+^-algebra is that is a local quadratic (non-Lie) algebra. It has a structure similar 

to the W n+ i and W^-algebras |26[ and its quantization can be realized by the standard 



methods of ref. RHI1, p6 



The problem we address in this section is the following: Given the quantum algebra 



and its irreducible representations, to derive the quantum V^+^ 



wiYi/U{l)- algebra and 



its representations by implementing the constraint J\ 1 h = 0. The method we are going to 
use is an appropriate generalization of the derivation of the PF-algebra from the affine SU(2) 
by imposing the constraint J3 = 0. The crucial ingredient of this approach is the free 
field representation of the W^^-currents. In the framework of the quantum Hamiltonian 
reduction ||, [2B] this is rather difficult problem even for n — 3. To start with it requires 
the explicit bosonization of the SL(4, R) currents. One expects the nonabelian analog of the 
quantum Miura transformation |14fl to be the effective tool for the solution of this problem. 



coincides with the W- 



The n = 2 case is an exception. According to the arguments of Sect. 8, the W 3 algebra 

l 2 ' one. The free field representation of the currents G ± ,T and J 



is well known [26 



J(z) 

G-(z) 
G + (z) 

T w (z) 



l2k + 3 ^ 



'2k + 3- 



«2 



ai)<p + 0o, ct+ = V2k + 6 



V 3 ' V 3 3 
[(k + 3)300 + a+a 2 d<p- (k + 2)d X ]e^°- x 

[-d X {{k + 3)90o - a+ctid<p) + (k + 2){d\ + (d X ) 2 ]e^ 0+x 
2 

-[(d\d0) 2 + (a 2 d(p) 2 + (a x d$){a 2 d(p)\ 
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+ k -±l{a 1 + a 2 )d 2 0+Ud X f + d\-{dct )o )% (9.1) 
where (pi, i — 1, 2, O an d X are f ree bosonic fields, 

< ip i (z 1 )ip j (z 2 ) >= -Sijlnz 12 , < <Po{z 1 )4>o{z 2 ) >= -lnz 12 , < x{zi)x{z 2 ) >= lnz 12 (9.2) 



and 0*1,02 are the simple roots of A 2 . The difference of our eqn. (|9.1| ) from the original 
Bershadsky's ones (see eqns. ( |3.6| ) of ref. P6[ ) is due to the fact that we have bosonized the 
pair of bosonic ghosts (<&,<&') of spin (1/2, 1/2): 

With eqns. ( |9.1|) at hand one can easely derive the explicit form for the W^'^-algebra, 



2k 4- 3 

J(zi)J(z 2 ) = —^ + 0(z 12 ), G ± (z 1 )G ± (z 2 ) = 0(z 12 ) 

2 

1 



J(z l )G ± (z 2 ) = ±—G ± (z 2 ) + 0(z 12 ), 

Z\ 2 

G+(2l)G - (22) = (^1X2^3) ^(^1)^ 

^12 Z 12 

+ — [3J 2 (z 2 ) - (* + 3)T(* 2 ) + 3 { -^^-dJ(z 2 )] + 0{z l2 ) 
Z\ 2 2. 



etc. The central charge of the W3 algebra is 



(9.3) 



According to the definition of the V3 algebra V3 = {W 3 : J = 0} its generators 
V ± (z),T v (z) have to commute with J(z), 

J(z 1 )y ± (z 2 ) = 0(z 12 ) = J( Zl )T v (z 2 ) 

(9.5) 

i.e. they are related to the $ independent parts (J = ^J~^E^§) of the IV^'^-currents. This 

suggests to seek for a specific change of the field variables (fio, ipi — > <£>, pi that makes explicit 
the J ( or <3>) dependence of G ± and TV: 

G ± = y ± e ±oi , T W =T V + T^ (9.6) 
An important condition required for the new fields pi to satisfy is the orthogonality to $: 

Hzi)Pi(z 2 ) = Q(z 12 ) (9.7) 
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One solution for such requirement is given by 

pi = -(k + 3)0o + a + ai<p, P2 = (k + 3)0 O + oi+a 2 {p 
If we further impose orthonormality among the /3j's, 

p i (z 1 )p j (z 2 ) = -Sijlnzm + 0(z 12 ), i,j = 1,2 (9.1 
the unique change of variables satisfying both (|9.7 ) and ( |9.8|) has the form 



' ' " 3 [(1 + fagipi - (1 + foM - J tJ— $ 



2A: + 3 V A; — 3 LV ' r y ^ 2k + 3 

<xx0 = -T^r, , 1 7= = [{k + 3 - kp 1 )g 1 p 1 - (k + 3 - k(3 2 )g 2 p 2 ] - 



(2A; + 3)v^6 LV ^^ ^ 2;W2J \ 2(2fc + 3) 



3(^ + 3 ~ 



W = TrTr /tti d ( k - ( fc + 3)A)ffiPi - (fc - (fc + 3)/3 2 )g 2 p 2 ] 4 



3(A; + 3 ~ 



(2A; + 3) V / 2F^6 LV ~ ^ v ~ ^™^ J ^ 2(2fc + 3) 

(9.9) 

where 

Pi = \{k + 1 - (-l)V(fc + l)(fc-3)), <? 2 = - 3)(* + 1) + (-l) j (fc 2 - 3)^f], 
j = 1,2. Substituting ( |9.9| ) in (p.l[) we realize that the reduced Wg 1 ' 1 ' currents can be written 



in the form ( |9.6|) with a = y^FT^ anc ^ ^* = ll^) 2 - This provides us with the free field 
representation of the Vg 1 ' 1 ^ currents we were looking for, 



V~(z) = [(k + 2)d V - J^(g 1 dp 1 - g 2 d P2 )]e- a ^ +a ^, 



V + {z) = i(k + 2)d 2 Z + d^^(p 1 g 1 dp 1 -P 2 g 2 dp 2 )]e a ^ a ^, 

Tv = -\[{d Pl f + {dp 2 ) 2 ] + |><9 2 p 4 + = rjdi = \{d X ) 2 + \d\ 

(9.10) 

where 



(_l)i+i (fc + i) n n | f l fu — - _ _ /fc + 3(l + A)^ 



7, = V ; \ ' 7 (fe - 1 + (-1) ?+1 >/(* + !)(*- 3))<*; a 



4 VW^g" y ' vv 1 V^-3 2fc + 3 

and we have denoted £ = e x , 77 = e~ x . One can easely recognize (£, 77) as a pair of fermionic 
ghosts of spins (0, 1). 
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We are now prepared to derive the explicit form of the V 3 OPE algebra (k ^ —3, — |, — 1): 

V*( Zl )V*(z 2 ) = (z 12 )-^V*(z 2 )+0(z 12 ) 

V+( Zl )V-(z 2 ) = {z 12 )M {2k + 3 P + 1} ~ —Ty(z 2 ) + ^(2W 3 - dTy)} + 0(z 12 ) 

Z 12 Z\ 2 I 

T v ( Zl )V^(z 2 ) = ^Lv*(z 2 ) + —d Z2 V*(z 2 )+0(z 12 ) (9.11) 

z \ 2 Z 12 

where Af = |(1 — 2^3) are the renormalized spins (dimensions ) of the quantum currents 
(= V*) and (2) are new currents of spins A^ = |(1 — ^ra)- F° r example V 2 ~(z) has 
the form 



V 2 ~(z) = {[(k + 2)dx + J^(9id Pl -g 2 dp 2 )} 2 -d[(k + 2)dx 



+ v/^|(^i^i - g 2 d P2 )]}e- 2 x- 2a ^ +2a ^ 

The stress tensor Ty(z) of spin 2 satisfies the standard Virasoro algebra OPE's with specific 
central charge 

Cy = Cty _ 1 = _ 6 ___ 

The OPE's of K> + , V7 and (= V±) introduce more new currents V l of spins (L = 2/c + 3) 

A, = 2/(1 -I), / = 1,2,..- 
and with £7(1) charges Qo = ^ ( see Sect. 4 for the definition of Qo): 

Vfiz^Vfiz,) = Cv^V&fa) + 0(z 12 ) (9.12) 

The OPE's Vj + Vp give rise to new Qo-neutral currents W1+1, (I = 2,---,L — 4) of spins 
A, = Z + 1 

3£. 1 2A; di 
V+iz^Vriz,) = z& (— + -^L_T v (z 2 ) + ■ ■ • + -J-Wai-i + 0(1)) (9.13) 

^12 Cy2; 12 Zl2 



For example the W3 current that appears in the finite part of eqn. ( 9.11 ) and in the singular 
part of (|9.13|) (for I > 2) has the form 

W 3 = B a d 3 Pa + B af3 d 2 p Q d Pf3 + C a p(dp a ) 2 d Pf3 , a, (3 = 1, 2, 3 (9.14) 

where we have denoted p 3 = x an d 

3 2k 4- 5 

533 = 65 3 = -C33 = — 5 i3 = c 3t = (-iy(k + 2K i = 1, 2 

fill = -fi22 = -j^, gj=(-l) < -(7 < + - ^- fl < ) 

2\k-3 V ; 6 W Vfc 2 - 9 

C« = (-l) j+1 ^%[^ + 4-2|z-i| + (-l) i ^|] 



% = 2 (fc - 3)(2ifc + 3) [k(k + + ( ~ iy{k + 2) ^ + " 3)L ^ j 
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For generic k (= this W^-current and Ty (= W2) do not close the standard W3 algebra. 
In the OPE of H^^i)^^) the new HVcurrent contributes together with the A =: T 2 : 
— -^d 2 T, etc. It is not difficult to verify that all the Wi + i (/ = 1, ■ ■ •) form the standard Woo- 
algebra which appears as a subalgebra of the parafermionic extension of the Woo-algebra 
W&fl of central charge cy spanned by and Wi+i, I = 1,2, • ■ ■. As we shall show latter 
this is the case when L is positive, rational and noninteger. The natural question to ask is 
whether exist values of L for which the algebra of the currents V t , W1+1 closes for finite I. 
The most interesting case would be if this happens for 1 = 1, i.e. when Vi and Ty alone 
form a closed algebra. To answer this question one has to analyze the L dependence of the 
singularities in the OPE's ( |9.11| ), fl9.12|) and ( |9.13| ) ( the order of the poles and cuts ) and 
to calculate the structure constants Ciy and d%. The exponents if in ( 9.1 1|) that gives the 
Independent singularities of the OPE's suggest to consider separately the following intervals 
of values of L: 

Case (1): L < 3. No singularities in the V^V^ OPE's. Only poles of order < 3 and 
(-|||)-cut in the V + V~ OPE. Hence V ± (A ± = + m)) and Ty alone close an algebra. 

Case (2): -3 < L < 0. Poles of order higher then 3 and (— r£r)-cut in the V + V~ OPE. 
No singular terms in V ± V ± . For each \L\ in the interval s — 1<t|t<s(s = 2,3, •••) the 
V + V~ contains poles of order < 2 + s and involve s — 2 new currents W p (p = 3, 4, • • • s + 1). 
Whether V ± , T and W p (p = 3, • • • s) close an algebra is an open question. In the simplest 
case s = 2 the straightforward calculation based on the bosonized form ( 9.10|) and ( |9.14|) 
of V ± , T and W 3 show us that the W 3 (1)W 3 (2) OPE introduce new W4 current. This only 
proves that V ± , T and W3 do not close an algebra in this case. It might happen that 
for some specific value of L (and s = 2) the algebra spanned by finite number of currents 
V , T v and Vt^+i, I = 2, • • • , M) closes. However it is more natural to expect that Ty and 
Wi + i, I = 2, • ■ ■ , M) form V ± -extension of the W^-algebra. 

Case (3): < L < 3. Pole of order [f ] and a cut in the V ± V ± OPE. Poles of order < 3 
and (-|)-cut in V + V~ . Therefore no Wj+i currents can appear. 

(3a) For L rational noninteger one has to consider all the V^'s (I = 1, 2, ■ ■ • , ) and Ty in 
order to close an algebra. The latter is an example of purely parafermionic algebra. Note 
that < for I > L, i.e. for L < 1 all the have negative dimensions; for 1 < L < 2-all, 
but Vt and for 2 < L < 3-all but and V^. 

(36) The case L integer < 3 provides two simple examples of quantum V 3 ^ 1 ' 1 ' ) (L)-algebras 
generated by finite number of currents: for L = 2 these are V ± of A* 1 = | and Ty (cy = — |) 
and for L = 3, Ty and ,V 2 of Af = Af = 1 and cy(3) = —2. We shall give the explicit 
form of these two algebras later in this section. 

Case (4):L > 3. No poles in V ± V ± . Poles of order < 3 and (-l)-cut in V + V~ . Therefore 
the Laurent modes of V ± and Ty have to close an algebra. As in the standard PF case || 
the first of the OPE's ( |9.11|) define the modes of as an infinite sum of bilinears of the 
V ± modes. The OPE's KiiKii represent poles of order L — 2 (higher than 3 for L > 5) and 
thus introduce new currents W p +x,p = 2, • • • , L — 4. 

(4a) For L integer (L > 3), Af = A^_, (i.e. A^ = 0) the V^V^ subalgebra involve 
L — 1 currents only, i.e. I = 1, • • • , L — 1. Whether the algebra of 2(L — 1) + L — 4 currents 
V^, W p +i,(l = 1, • • • , L — 1, p = 1, 2, • • • L — 4) closes for L > 5 or one has to consider an 
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infinite set of W p+ i, (p = 1, 2 • • •), V t , I = 1, 2, • • • , 7 — 1 is an open question. For 7 = 4, 5 
the V t and T v do form closed algebras. 

(46) For 7 rational noninteger the OPE's Vj^Vjf 1 introduce infinite number of PF-currents 
of L r (l)-charges I = 1,2, ■ • -. Together with the neutral currents Wi + \ they span a kind of 
PF Woo-algebra. We have to note that the difference between the algebras (4a) and (46) 
can be summarized in the fact that for 7-integer the corresponding OPE's represent the 
multiplication rules of the discrete group Z L ® Z 2 (with the identification V t + = V^lJ, 
I — 1, • • • , L — 1 being the Z^-charges. In the noninteger 7 case (46) the symmetry encoded 
in the OPE's is 17(1) <g> Z 2 . 

Our analysis of the singularities of the OPE's ( |9.12| ) and ( P-13j ) shows that the quantum 



VJ ? ( ' 1 ' 1 ' ) (7)-algebra shares many of the properties of the (both unitary and nonunitary) PF- 
algebras [§]. This fact allows us to apply the methods developed in ref. @ in the derivation 
of the explicit (Laurent modes) form of the V3 We restrict ourselves to consider cases 

(1), (36) and (4a) only. The allowed boundary conditions Q (for 7-integer) of the currents 
V ± : 

V ± {ze 2wi )(j) v s {0) = e 2m{bs+ ^V ± {z)^ s {0) 

where 6 = ^,^ = 0, ~, s = 1, ■ ■ • L — 1 lead to the following mode expansion 

00 



m=— 00 



The 02(0) denote certain Ramond (77 = |, s-odd) and the Neveu-Schwarz (77 = 0, s-even) 

fields. Following the arguments of ref. || (Sect. 4) we derive the V 3 ^ 1 ' 1 ^(7)-algebra (for 
\L\ > 3) from the OPE's ( pTTl) : 



T 1 o Z_] 3 J^ + 3(s+l) . . 1^3fs+l) . . . 1 + V 3(l-s) . . 1^3{l-s) . . ,1] 

7 + 3^, ^L> L ^P+m-p-rj+i L_^ +n _ p+ , ? __ _L_^ +m+p _, ?+ _J 

1(7 — 1)7. 3s . ,3s * ^ 

= -L m+n + --—^{— + n + rj){— + n + T]-l)6 m+nj o (9.16) 

where C P {M) = , m, n = 0, ±1, ±2, ■ ■ • and: 

00 

^ (i) [y^_ p+m+v _ h V^ +p+n+rj _ h - V^_ p+n+v _ h V^ +p+m+ri J = (9.17) 



In fact eqns. ( |9.16|) and ( 19.171 ) together with the Virasoro algebra of the 7 n 's, (7 r 
§z n+l T(z)dz) 

[L n , L m ] = (n - m)L m+n + j^ n { n2 ~ l)<Wn,o 



4 We are not considering here the twisted (or C-disorder) boundary conditions: V ± (ze 2m )cj) s (0) 

e 2rf^T( z )0 s±2 ( O ) 
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represent the entire V3 ^-algebra for L < — 3 only. In the case (4a.) (i.e. for L > 3) they 
give the subalgebra spanned by and T of the larger V3' 1 -algebra which also includes 
V^, I — 2, 3, • - • , L — 1 and certain W p 's. The algebra of the V l s charges (I — 1, • • • , L — 1): 



V 



±(0 



(0) = <f dzz^+^+^Vfiz^iO) 



(9.18) 



can be easely derived from the OPE's ( |9.12| ) and (|9.13|) . Note that as a consequence of ( |9.12|) 
and ( |9.15| ) the V^-currents have only Neveu-Schwarz boundary conditions, i.e. rj2i = 0, 
V21+1 — 0, \. All algebraic relations that follows from (|9.12| ) are either in the form (|9.17|) or 
give as an infinite sum of bilinears of V-m^ > I = h + h as for example: 



V 



±(2) 



3(2=R) 



Vr p \v ±(l) v ±{1) +v ±{l) v ±{1) 



(9.19) 



To give an idea how the entire V r 3 ( ' 1 ' 1 ' ) (L)-algebra looks like we consider in more detail 
the simplest case L — 4. The V 3 ( ' 1 ' 1 ' ) (4)-algebra is generated by V^,V^ and T v of spins 
A^ = |, Af = I and A T = 2. We have to complete the algebraic relations ( |9.16| ), ( p,17| ) of 
the V7n , T subalgebra with those involving . Taking s = 2 sector for simplicity we find 



V+ (2) V- {2) + V^V+W = \{n 2 - \)5 m+nfi - 7 -L m+n 



p=0 



±(1) 3 + V ±(1) „ V^ ±(1) . ] 



(9.20) 
(9.21) 



where 77+ = and r/_ = ~. The remaining relations involving V^^V^ 2 \ V^^V^ 2 ^ and 
V^^V^ 1 ' have a form similar to ( |9.17| ) and ( |9.19| ). Note that due to the identification 
VJ + = V£_i we have 



V+(1)V^(2) = C -^V+(z 2 ) + 0(*u), V ( %(1)V { %(2) : r --' 



r y ( T)(z2) + o(^ 12 ) 



r 2 
z 12 



~2 
z 12 



The eqns. (|9.20| ) and ( |9.21|) are an indication to consider the V3 1 (4)-algebra as " a square 
root" of the Virasoro superalgebra. 

Our last example is the L = 2 V^ 1 ' 1 -algebra. It is spanned by of A ± = | and T v and 
its central charge is cy = — |. This is one of the cases (36) when the OPE V^V^ has a pole 
and therefore the " commutation relations" (|9.17 ) are not valid. Instead we obtain: 

8m+n+2r),0 (9.22) 



p=0 



p+n+(r;- 5 ) 



i)-^ v P+ m+(v-k)-r 



and similar one for the V + V + 's . The eqn. ( |9.16D in this case take the form (s = 2) 



r) oo 

p=0 



3 Vf +V~ A V? I 

j+m-p-r; j+n+p+rj — |+n— p+lj j+m+p—r)* 



-L m+n +-(n+?7+-)(ra+^+-)^ m+ni o 

(9.23) 
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The complicated structure of the V^ l,l \L)- "commutation relations" makes the problem 
of the construction of irreducible highest weight representations rather difficult. One could 
however further extend the relation between and V3 1 -algebras on their representa- 
tions. The way we have derived the explicit form of the V3 ^''-generators (|9.10|) out of the 

W 3 (2) -ones 

G ± = V ± e ± ^, TV = T y + i(<9i>) 2 , J = J| <9<i (9.24) 
suggests the following form of the W^ 1 chiral vertex operators (ff^Az) = <$f r . s .\{z) in terms 



of the if 'kernes, ^(z) and $(z): 



Taking into account the basic OPE's that define the 

A W 



and from eqn Q9.24 ) we conclude that: 

ft,, = ^/ j-, A r ^ s = - ^g 2 s (9.26) 

The dimensions and the charges of the fields 4>^. s \ that represent the so called "complete 

degenerate" highest weight representations of W^ 1 are given by |26j (for rational levels 
L + 3 = f): 

A r W s = 24(L 1 +3) [((^ + 3)r 12 - 4s 12 ) 2 + 3((L + 3)n + ^((L + 3)r 2 - 4s 2 ) - 3(L - l) 2 ] - 

11 

Q r ,s = — [{L + 3)r 12 - 4s 12 ] ± ~r) , r 12 = r x - r 2 , s 12 = s x - s 2 , (9.27) 

where r] w = 0, r^-odd integers for NS-sectors, r/ w = |, r r even integers for R-sectors and 
rj, Si(i = 1, 2) take their values in the interval 1 < < 2p — 1, 1 < < 2q — 1. According 
to eqn. ( |9.26j ) the corresponding representations of V^ 1 ' 1 ^^) -algebra have the following 
dimensions: 

Ks = 32 (L + 3) [{L ~ 3)((L + 3)ri2 " 4512)2 + 4((L + 3)n " 4Sl)((L + 3)r2 " 4S2) " 
-AL{L - If] -l-[L + 3 V w ± {{L + 3)r 12 - 4s 12 )]. (9.28) 
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We have to note that r] w = | — rj v , (j] v = if). The analog of the W^-chiral fields <p So : 

GtyMO) = A w = y^fefe ± 

<?+ = q- = \{L + 5 - 2s ), ri = 3r 2 = 3, s x = s , s 2 = 1 
o 

are the order- disorder parameter fields cr^ in the V3 -models: 

^.^"JW = 

One can find their dimensions directly from ( |9.16| ): 

Af/2) = 1L(L-I)(3s + L)(3s-L) _ ^ 

8 (£ + 3) 



They are a particular case of the ( 9.28|) when 



2s = 3s + 2L + 5, s = 1,3, ■■■L-l 
n = 3r 2 = 3, s 2 = 1, si = s . 

The complete description of the representations of the V3 (L)-algebra (even for the case 
L-positive integer L > 3) however requires much more work. The construction of represen- 
tations for the other Cases (1), (2) and (3) is an interesting open problem. 

The purpose of this rather detail discussion of the quantum Kj ^(L)-algebras was to point 

(2) 

out the differences with the quantization of the W3 and lf 3 algebras and the similarities 
with the PF-algebra. The origin of all these complications is the renormalization of the spins 
of the l A± -currents 

» ^quantum . _\_class 3 

Af = Af 

which makes the singularities of the OPE-algebra fl9.1lQ L-dependent. For certain values of 
L this requires to introduce new currents and in order to close the OPE-algebra. 
An important new phenomena is the breaking of the (classical ) [/(l)-symmetry to the 
discrete Z^-symmetries for L positive integer. The typical PF feature is the replacing of the 
commutators or anticommutators with an infinite sum of bilinears of generators as in eqns. 
( |9.161 ), fl9.17|) , ( |9.18|) , ( p.22|) . One might wonder whether the V^+i -algebras exhibit similar 



features. Our preliminary result shows that the renormalization of the spins of the nonlocal 
currents is a common property of all s: A^K = — 2fc+ 1 n+1 ). As usual the 

spins of the local currents W1+1 remain equal to the classical ones. All this indicates that 
the quantum V^hi -algebras obey many of the properties of the quantum V3 1 -algebra. 
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A Appendix A 



Here we define a generic Lie algebra Q in the Chevalley basis by the commutation relations 
[hi,hj] = 0, [hi,E± a .] = ±kjiE ±aj , [E ai ,E- aj ] = Sijhj (A.l) 
— rank Q, where hi = 2ai z H and Hi define Q in the Cartan-Weyl basis, i.e. 

[H h H 3 ] = 0, [Hi, E ±a ] = ±(ayE ±a , [E ai ,E_ aj ] = (A.2) 

and (a) % denote the i th component of the root a and kij = 2a ''® J is the Cartan matrix. 
The rank Q fundamental weights are defined by 

— — J- ^- = Sij, i,j = I,..., rank Q (A. 3) 

and may be written in terms of simple roots as 

Ai = Kijaj (A.4) 

An invariant scalar product on the Lie algebra is defined by rescaling the trace of two 
generators in some finite dimensional representation such that 

Tr{H i H j ) = S ij , Tr(HiE a ) = 0, Tr(E a E p ) = ^<W,o ( A -5) 

A general Lie algebra Q may be decomposed into a graded structure generated by a 
grading operator Q, such that 

[Q,G±i] = ±iG±i, [Gi,Gj]eG i+j (A.6) 

and G = ®iGi- 

Throughout this paper several different gradings are used. We shall restrict ourselves to 
integer gradings. The most familiar is defined by 

rankQ r> \ tj 

Q = £ ^ (A.7) 

fc=l a k 

In this case G±i contain positive/negative step operators composed of i simple roots. It then 
follows that 

G< = ®i<oGi, G> = ®i>oGi (A.8) 

are nilpotent subalgebras generated by positive/negative step operators, while the zero grade 
Go is an abelian subalgebra and is spanned by the Cartan subalgebra of G, i.e. Go = U (l) ranfe ^. 
A general group element of G can be decomposed according to these nilpotent subalgebras 
together with the exponentiation of the abelian subalgebra Go using the Gauss decomposition 
formula, 

9 = 9-9o9+ (A.9) 
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where g_ and g + are obtained by exponentiation of Q< and Q> respectively. Other gradings 
extensively used in this paper are defined by: 

rankQ r> \ tt 

Qj = E ^ (a. io) 

k+j ak 

The absence of the i th fundamental weight in ( A.1(J| ) generates a non abelian structure in the 
zero grade subalgebra Q$ which is now generated by the Cartan subalgebra together with 
E± ai , i.e. Q = SL(2) ® jj{l) rankg ~ 1 . The nilpotent subgroups g_ and g+ are generated by 
exponentiation of the negative and positive grades respectively (according to Qj). The non 
abelian Gauss decomposition formula now reads 

g = g®gM (A.ll) 

where g^ is the SL{2) <g> {7(l) ranfeG-1 subgroup generated by exponentiation of Go- 

Following the same line of thought, more and more complicated non abelian structure 
can be introduced in Go by defining grading operators with the form 

rankQ 2A/j ■ H 

Qh,i2,-ii = X/ 2 (A. 12) 

where Go has now the form 

Go = 9i ® 92 ® ■ ■ • ® 9m ® (t/(l)) ronfc£7 -Sr=i™ nfc f« (A. 13) 



and the nonabelian Gauss decomposition is formally given by eqn. ( [A.ll 



These are useful concepts in order to derive a simple and compact form for the equations 
of motion. Let the WZW currents be decomposed according to a gradation Qi. From ( [A.ll] ) 
we find, 



J = g ■<)<, g J [g<p- gW- dgVgP+g®- dg^ + dgfgf ) gf 



J = • Bdgg 1 = -g® (// '• V /: + BglPstP' 1 + gPdgtog^g®- 1 ") 9 T\a.U) 

We now define the reduced model by giving the constant element e± responsible for con- 
straining the currents in a general manner to 

Jconstr ^— ~\~ j 

Jconstr = e ++J (A. 15) 

where j (and j) contain only positive and zero (negative and zero ) grades, e± are constant 
generators of grade ±1 respectively. From the graded structure (|A.14 ) and (|A.15 ) and the 
fact that the grades are integers, we find that 

g^g^dg^g^Ustr = < 

g^dgfgf^g^Ustr = e + (A.16) 
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and the equations of motion dJ = dJ = become 



dK+[K,dgfgf \ 
dK -[K,g [j) ~ l dg {j) } 








(A.17) 



where 



K 
K 



'n J + gP^dgP + dgfgf' 1 



(A.18) 



Imposing ( A. 16 ) into (|A. 17 ) we find the nontrivial equations to correspond to the zero 
grade components of eqns. (|A.17|) , i.e. 



d(gi jrl dgi j) ] 



0')i 



(A.19) 



We now point out that there is a subalgebra of Qq, namely Qq, commuting with e± such 
that 

dTr(gi jr dg^H) = dTr (5 g^g^ H) = (A.20) 

where 7i G Qq. We therefore impose an additional subsidiary constraint within the subalge- 
bra g$, 



J H = Tr(g^ dg^H) = 0, J H = Tr{dgtf>g$> ~H) = 



(A.21; 



For the simple case of gradation ( |A.10|) TC correspond to ^ . In terms of fields defined by 

(A.22) 



g ® = e xE - a ie "I 



e j 



we find 



1+3 



uc 3 i\, n 



K itVi 



2A, • 



n d<j>\ - if) d\e 



and 



a j fcjj 



2\j ■ H ( 



a j 



( dRj ~ -^~xdipe Rj+ ^ k ^ l j + (d X + xdR + xkjidfa - X 2 dipe Rj+ ^w k]l<t>l ) E_ 
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Moreover, 

J gya = ai^Aj - —tpdxe^ , J 2 a j .h = dRjAj - — xd$(£>w k]l<t>l 



where Aj = 1 + i/jx^ 1 ^ '' kji ^ 1 ■ The subsidiary condition (|A.21|) yields 



dRj = y^4>dxe^w , dRj = -i—^e^J 

where t/j = ipe^ Rj and x = • When inserted into ( |A.19| ), leads to the equations of motion 
( p.3| ) of the NA-Toda model described by the action ( |7.3|) and ( |2.3|) for the casej = 1. 



Henceforth, given an integer gradation Q and the constant elements e±, in the Lie algebra, 
we are able to decompose the currents according to Q, implement consistently the constraints 
( A.15Q to obtain ( |A.16|) and therefore the equations of motion (and hence the action, (see 



])). This construction highlights the fact that the first set of constraints in ( |2.4| ) are fully 
determined by Q and e±. The subsidiary condition QA.21 ) has to be implemented by fiat 
since it constraints the subalgebra Go- 

Conversely, since the structure of the constraints is such that allows for dynamical degrees 
of freedom only those contained in the zero grade subgroup Go ( or more precisely Gq/Gq), 
the constraints (|2.4j) suggest a construction of a gauged WZW action invariant under the 
constraint subgroup H + <g> H- , as in sect. 2. The gauge invariance suggests decomposing 
the group element as 

9 = ~9 U) 9 f o9? = 9 U) 9?9? (A.23) 

where g_\ {cj+ ) are generated by exponentiation of negative (positive ) grade generators 
together with those in Go, 

g f = g fe n ^\ = e n Wg® (A.24) 



where Rj are nonlocal, nonphysical fields eliminated by the constraints ( A.21|) .The g[ is now 
generated by exponentiating ^j. The decomposition (|A.23| ) is important to point out the 
symmetry structure of the NA-Toda models as described in sect. 2. 

B Appendix B 

We shall derive the general solution of eqns. ( |3.18| ) for generic ^^-transformations (3 < s < 
n — 1, fixed ), i.e. e ± = e = 0, r] p = for all p ^ s, (r) s = 77). Let us first consider the 
equations for e^'s such that i > k. We have, 

£i+m,i = 0, l = l,---s — 1, l + m = n — s + 3, •••,n + l 

ei +rrij i = 0, l — s + l,---n, l+m — s + 2, ••-,n+l (B.l) 

and all the remaining e^'s (i > k ) satisfy the following recursive relations 

k 

£n- P ,s + vW p+1 + -<9e n _ p+M = p = 0, • • • , n - s - 1, s ^ 1 (B.2) 
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e n - P ,i = E +3 (4 9 ) W (^^) (B.3) 
1=1 z 



p-s+2 



k 



e 



u-p.s-r — E (~7;d) P 1 r+2e n-l-r+3,s-r+li (B-4) 
1=1 1 

n — p = 2, ■ ■ ■ n — s + 2; r = 0, ■ ■ ■ , s — 2. The solution of ( |B.2| ) is given by 

e n - P ,s = (-^dy +1 V - jri—d) 1 - 1 ^^), p = 0,---,n-s-l (B.5) 
1 i=i 1 

The eqn. (|B.4| ) can be simplified to: 

p-r+2 

1=1 V r ~ 1 2 
and taking into account (|B.5| ) we find the general solution of 



e n -p, S -r - X! ( "t— 1 ) ( _ ^-p+J+r-l.a (B.6) 



€n—p,s—r 



p+ r l ) (~dr^ v -± ( ) (b.7) 



r = 0, • • • , s — 2, n — p = 2, ■ ■ ■ ,n — s + 2. As a consequence of ( p3.3|) and ( jB.71 ) we obtain 



-n—p,l 



1=1 2 \ s-2 2 



~ "'IT ( m t-2 3 ) {-^T^W^-m-s^]} (B.8) 
The equations for the diagonal elements en read 

2e n ,n + £22 + ' ' ' + £n-l,n-l = 0) e nn = ^n-l,n~l = ' ' ' = Cs+l.s+l) Cn = 

e s +i,s+i = e ss + ^W n _ s+ i + -9e s+ i )S , e pp = e 22 + E^K.r-i) (B.9) 

1 r=3 ^ 

p = 3, • • • , s. The solution of (P-9| ) can be written in the following compact form 

+ "g I [|(^:T l )-( p+ r'>>^^ (aio) 

i = 2, • • • , s, s + 1, • • • , n. We next consider the recursion relations for the upper triangular 
part of the e^'s, (i < k): 

e u = 0, Z = l,.--s; e u = (^d) l -'- 1 (riV-), I = s + 1, • • • ,n + 1 

J, i. m-s-1 jL i, 

e 2m = (|9)- 2 e 22 + E (f5) m -^ 1 ^ + (2 5 )^ 1 (^~)]' 

(B.H) 
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m = 2, • • • , n + 1 . For generic e m i, (2 < m < n, m < I) we have two different formulas for 

2 < m < s and s < m < n, 

(a) 2<m<s, I = m + 1, • • • n + 1 

p + m-4 \ fc i / Z-m + p-2 \ ( k , 

£ m,i - ^ m-3 J ^2 ' e2 > l - m -P+3 + 2^ y p _l J i 2 ' fm-p+l.m-p+l 

+ Ef _2 l (^)^(^n- m+P+ l) (B.12) 



p=l 



(6) s < m < n, I = m + 1, ■ ■ -n + 1 
_ l ^fp + m-s-2 \ k i m v s /l+p-m-2\ i , 

e m ,i — 2^ I m _ s _l I ^2 ' e s,'-m-p+s+l + 2^ I P— 1 / 2 e m-p+l,m-p+l 

(B.13) 

The solution of eqn. ( |B.12| ) is given by (2 < m < s): 
e - = + \ ( n _ U S + 2 ) [(n - « + 1) ( ^ "_ 3 2 ) " ( ^_ 3 3 )]} x 

l f 1-2 \ f p + 8 -l\ ( 1-3 \ ( p + s -2\ p ( u 

+ m »\ m - 2 J\ / v m - 2 A p ) i ' m[snx 

x(-l)'- m (--9)^- m (^„_ s _ p+1 ) + E ( p ' ! J (2^)^ S - p (^n- m+P+ i), (B.14) 
where 

5-3 / / — p — A \ f n — p — 2 \ s ~ 3 ( I — q — A \ f p + s — q — 3 \ 

Am(s)= 5\ J V + ! J' B ' m(s) = §( Z-m-1 J ( p J 

The corresponding solution of eqn. ( |B.13|) (s < m < n) differs from ( B.14|) only by the last 
term which in this case is 



£ ml = {A,, m (s) + £ ( ,'_ S m _\ ) (\d)'-"-'( n W n ., +r+1 ) 



n 



l—m—s+l / ? i \ l j. 



P =i 

n— s— 1 



x(-l)'- m (-^r^(^__ p+ + E ( ) (B.15) 
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The W s transformation (rj = i] s ) derived from eqn. 
a compact form as 



(3 < s < n — 1 ) can be written in 



- (-d)e 2 i, 5 r ,V = e uW n -i+2 - e nn V - {-d)e^ n+1 , 



l=s+l 



5 v W n = e 21 V - e 1)n+1 V + + (e 22 - e nn )W n + ^ e 2 iW n -i +2 - -<9e 2 ,„+i, 

1=3 1 
k 



(B.16) 



and 



(a) n — s + 2 < q < n 



k. 



S v W q — € n - q+ 2 t lV + ^(e„_q + 2,« — <^,n-g+2 e nn) W n -i+2 ~ £n-q+l,n+l ~ 7^ e n-?+2,n+l 

1=2 1 

(b) 2 < q < s or s < q < n — s + 2 

n 

S v W g = P q (s) + (e 

n-q+2,n-q+2 ~~ £nn)W q + € n _ q+ 2,l -1+2 

l=n~q+3 



e n-g+l,n+l — ~^p€n— q+2,n+l 



(B.17) 



where 



P( s ) = l ^i=s- q +i £n- q +2,iW n _ l+2 , for 2<q<s 
q \ E s i=2 e n -q+2,iW n _ l+2 + for s < q < n - s + 2 



Taking into account the explicit form ( |B.10[ ), ( |B.14[ ) and ( |B.15| ) of e m ;'s we realize the 
following simplifications: 



en - e m = ( „" " ' + \ ) [(-|a)-««h - ( P + ° " ' 



n — s + 



P 



--dn V W n ^ p+1 ) (B.19) 



Cm,n(^) Cm,n+1 "I - 2 < ~^ m +l> n +l 

= {A n+2 , m+1 (s) + -( n J [(n - s + 1) ( n ~ \ 
' n \ w — s + 2 I Mm — 1 



n — 1 
m — 2 



|]}x 



X (-l)"- m+1 ( 5 )2n- S -m+ 2?/ + £ 

2 r =l \ 

i /_i \n-m+l / n \ / + S — 1 

£j UVm-l j ^ p+1 



" ~ s ~ '' ' \ (-d) n - m - s - r+2 [V + {-d) r - l {r)V-)} 



m — 1 



n — 1 \ / p + s — 2 
m - 1 ) \ p 



-^ + 2, m+ l(^)}(-2 5 ) n+P_m+1 (^- S - P+ l) + An,n(s) 



(B.20) 
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where 



Em 
p=l 



Es— 1 
p=l 



n — s + 1 

p — 1 
77 — s + 1 
m — s + p 



p) n ~ m -P +1 ( V W n . s+p+1 ), m>s 



(B.21) 



Finally, we arrive at the ^-transformations we seek, 
1 / 



5 V V 



n 



n 

n - s + 2 



v-(-^dr- s+i v -(^ar- s+ \ v v-) 



n—s—l 

v- E 

p=0 



p + s — 1 
s + 1 



A- "A- 

~" (=s+l 



S V V + = -V + {{n-s + l) 



n 



n 

n - s + 2 



A- 



n—s—l 



(=0 



-n 

n—l—s 

- E 

m=l 



Z + s- 2 
Z 



|](-^)'(r 7 W B _^ +1 )}+ E (-|^)'{^ + [( 



Z + s- 1 \ 
Z + l J 

n- Z - 1 
s-2 



n— i— 



m + s — 3 
s-2 



(-^) m - 1 (r / ^_ m _ s+2 )]}, 



= -{\drj)W n - s+2 -(n-s+ l)(^d)( V W^ s+2 ) - {n °- + 1 } ^ n + 1 



77,-5 + 3 



X 



— (77 — s — p) 



p + s - 2 
p + 1 



V P + l 
(p + 1) 



(77 -1) 



p + s - 2 
P 



and ^PVn is given by ( p,16|) with 



n— s+1 u 

en- E (~d) l -HV + [\ 



77 - Z - 1 
s-2 



n— 1—8+1. 



n—l—s 

E 

m=l 



m + s — 3 
s-2 



e 2 / 



77 — s + 1 



7? 



n—s—l 



E 



77 



p=0 



77 

^ 77 - S + 2 

p + S — 1 \ 
P+1 J 



n 



p+s p 2 )](-i) p (^r'- 2 (77^ n _ s _ p+1 ) + (±dy—\r,w n ) 



Substituting e n _ g+ 2 i ifrom ( B.8 ), t n -q+2,i 

from (|B.14|) and (|B.15|) and e u - and C n _ g+ i >ra (s) 
from (|B.20| ) in the transformation laws (|B.17|) and (|B.18|) we derive the explicit form of the 
i] s transformation of the W q currents (2 < q < 77). 
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